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A  GENERAL  THEORY  OF  ALMOST  CONVEX 
FUNCTIONS. 


S.  J.  DILWORTH,  RALPH  HOWARD,  AND  JAMES  W.  ROBERTS 

Abstract.  Let  Am  =  {(t0,  ■  ■  ■  ,tm)  G  R”+1  :  U  >  0,£”Lo  U  =  1} 
be  the  standard  m-dimensional  simplex.  Let  0/  Sc  Um=i  Am, 
then  a  function  h:  C  — >  R  with  domain  a  convex  set  in  a  real 
vector  space  is  S-almost  convex  iff  for  all  (to,  •  •  • ,  tm)  G  S  and 
Xo ,  •  •  • ,  aim  G  C  the  inequality 

h(t0x0  H - h  tm%m  )  A  1  T  toh(xo)  T  *  *  *  T  tm^(aim) 

holds.  A  detailed  study  of  the  properties  of  S-almost  convex 
functions  is  made.  It  is  also  shown  that  if  S  contains  at  least 
one  point  that  is  not  a  vertex,  then  an  extremal  S-almost  con¬ 
vex  function  Eg :  A„  — >  R  is  constructed  with  the  properties 
that  it  vanishes  on  the  vertices  of  Am  and  if  h:  An  — »  R  is  any 
bounded  S-almost  convex  function  with  h(ek)  <  0  on  the  ver¬ 
tices  of  An,  then  h(x)  <  Es{x )  for  all  x  G  An.  In  the  special  case 
S  =  {(l/(m+l),  •  •  • ,  l/(m+l))}  the  barycenter  of  Am  very  explicit 
formulas  are  given  for  Eg  and  «g(n)  =  supxeAri  Eg(x).  These  are 
of  interest  as  Eg  and  Kg(n)  are  extremal  in  various  geometric  and 
analytic  inequalities  and  theorems. 


Contents 


1.  Introduction.  2 

1.1.  Definition  and  basic  properties.  3 

1.2.  A  general  construction  for  the  extremal  S  almost  convex 

set  on  a  simplex.  7 

1.3.  Bounds  for  S-almost  convex  functions  and  the  sharp 

constants  in  stability  theorems  of  Hyers-Ulam  type.  16 

2.  General  results  when  S  is  compact.  19 

2.1.  Mean  value  and  semi-continuity  properties.  19 


Date:  January  31,  2001. 


2000  Mathematics  Subject  Classification.  Primary:  26B25  52A27;  Secondary: 
39B72  41A44  51M16  52A21  52A40. 

Key  words  and  phrases.  Convex  hulls,  convex  functions,  approximately  convex 
functions,  normed  spaces,  Hyers-Ulam  Theorem. 

The  research  of  the  second  author  was  supported  in  part  from  ONR  Grant 
N00014-90-J-1343  and  ARPA-DEPSCoR  Grant  DAA04-96-1-0326. 

1 


2 


DILWORTH,  HOWARD,  AND  ROBERTS 


2.2.  Simplifications  in  the  construction  of  E^n  when  S  is 


compact.  23 

3.  Explicit  Calculation  of  E^n  and  Ks{n)  when  S  the 

barycenter  of  Am.  27 

3.0.1.  The  formula  for  Egn.  29 

3.0.2.  Calculation  of  Ks(n)-  35 

References  39 


1.  Introduction. 

Let  C  be  a  convex  set  in  a  real  vector  space  and  let  h:  C  —>  R.  Then 
according  to  Hyers  and  Ulam  [5]  for  £  >  0,  h  is  ^-approximately  convex 
iff 

(1.1)  h((l  —  t)x  +  ty)  <  e  +  (1  —  t)h(x)  +  th(y),  for  all  f  6  [0, 1]. 

In  [5]  they  show  that  if  h  is  ^-approximately  convex  and  C  C  Rn  then 
there  is  a  convex  function  g :  C  — >  R  and  a  constant  C ( n )  only  depend¬ 
ing  on  the  dimension  so  that  |  h(x)  —  g(x)  \  <  | C(n)e .  In  a  previous 

paper  we  show  the  sharp  constant  is  C(n)  =  [log2nJ  +  ^2^t+1,7+i  S2 
(Here  [•  J  is  the  floor,  or  greatest  integer  function,  and  [ •]  is  the  ceiling 
function.)  In  the  present  paper  we  generalize  the  notion  of  approximate 
convexity  and  give  the  sharp  constants  in  theorems  the  corresponding 
Hyers-Ulam  type  theorem.  This  is  done  by  finding  the  extremal  approx¬ 
imately  convex  function  on  the  simplex  that  vanishes  on  the  vertices. 

To  put  the  these  problems  in  a  somewhat  larger  setting.  First  by  re¬ 
placing  h  by  e~1h  in  (1.1)  there  is  no  loss  of  generality  in  assuming  that 
e  —  1.  Then  many  natural  notions  of  generalized  convexity  are  covered 
in  the  following.  Let  Am  =  {(f0,  ■  ■  ■ ,  tm)  e  Rm+1  :  U  >  0,  ^=0  ^ 
be  the  standard  m-dimensional  simplex. 

1.1.  Definition.  Let  V  a  vector  space  over  the  reals  and  let  0  ^ 
C  C  V  be  a  convex  set  and  let  0  ^  S  C  {J^l=]  Am.  Then  a  function 
h:  C  — >  R  is  S -almost  convex  on  C  iff  for  all  (t0,  •  •  • ,  tm)  G  S  and 
x0, . . . ,  xm  e  C  the  inequality 

(m  \  m 

yj  uxi )  <  i + y  uh(xi) 

i= 0  /  i= 0 

holds.  We  denote  by 

AlmCons'(C')  :=  {h  :  h  is  S'-almost  convex  on  C} 
the  set  of  almost  convex  functions  h:  C  — >  R.  □ 
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The  case  of  S  —  Ai  corresponds  to  the  case  studied  by  Hyers  and 
Ularn  [5]  and  others  (cf.  the  book  [4]  for  more  information  and  refer¬ 
ences).  When  S  =  {(1/2, 1/2)}  the  S-almost  convex  functions  are  just 
the  functions  that  satisfy 

/ x  +  y\  <  h(x)  +  h(y) 

V  2  )  -  2 

which  are  the  approximately  midpoint  convex  function,  (sometimes 
called  the  approximately  Jensen  convex  functions)  which  also  have  been 
studied  by  several  authors. 

We  give  a  general  theory  of  S'-almost  convex  functions.  In  partic¬ 
ular  when  S  has  at  least  one  point  that  is  not  a  vertex  we  construct 
(Definition  1.17  and  Theorem  1.22)  a  bounded  S-almost  convex  func¬ 
tion  E^n :  An  — >  R  such  that  if  h :  An  — >  R  is  bounded,  S-almost 
convex,  and  h(e^)  <  0  on  the  vertices  of  An  then  h(x)  <  E^n(x)  for 
all  x  E  An.  Then  the  number  Ks(n)  :=  supxgAn  E^n(x)  is  the  sharp 
constant  in  stability  theorems  of  Hypers-Ulam  type  and  the  function 
E^m  is  the  function  that  shows  it  is  sharp  (See  Theorem  1.26.) 

Probably  the  most  natural  choice  for  S  are  S  =  Am  a  simplex  and 
S  =  {(l/(m  + 1), . , . ,  l/(m+  1))}  the  barycenter  of  a  simplex.  In  these 
cases  we  are  able  to  give  very  explicit  formulas  both  for  the  extremal 
function  E^n  and  for  the  Ks(n)  =  supxgAn  E^n(x).  (For  the  case 
S  =  Am  this  was  done  in  our  earlier  paper  [3].  For  the  case  of  S  the 
barycenter  of  Am  see  Theorems  3.1.)  There  is  an  interesting  dichotomy 
in  these  two  cases.  When  S  =  Am  then  Eg71  is  a  concave  piecewise 
linear  function  that  is  continuous  on  the  interior  A°  of  An  and  the 
maximum  occurs  at  the  barycenter  of  An.  (See  [3].)  However  when 
S  =  {(l/(m  +  1), . . . ,  l/(m  +  1))}  is  the  barycenter  of  Am  then  Egn 
is  discontinuous  on  a  dense  subset  of  An  and  the  graph  of  E^n  is  a 
fractal  with  a  large  number  of  self  similarities.  See  Figure  2. 

This  paper  is  not  completely  self-contained.  Several  of  the  results 
have  proofs  that  are  very  similar  to  the  proofs  in  our  earlier  paper  [2] 
and  at  several  places  we  refer  the  reader  to  [2]  for  proofs. 

1.1.  Definition  and  basic  properties.  Let  Am  :=  {(t0;,  ■  •  • ,  tm)  : 

=  1  ,tk  >  0}  be  the  standard  m-dimensional  simplex.  For  the 
rest  of  this  section  we  fix  a  subset 

OO 

S  C  U 

m=  1 

It  follows  easily  from  the  definition  of  S-almost  convex  that  AlmCons(C') 
is  a  convex  subset  of  the  vector  space  of  all  functions  form  C  to  R. 
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It  is  useful  to  make  a  distinction  between  two  cases: 

1.2.  Definition.  If  S  C  (J^=1  Am  then 

(1)  If  S  (£.  Uil-i  Am  for  any  finite  N  then  S  is  of  infinite  type. 

(2)  If  S  C  (J^=1  Am  for  some  N  then  S  is  of  finite  type.  If  further 

S  C  Am  for  some  m  then  S  is  homogeneous .  □ 

1.3.  Remark.  If  we  assume  that  the  union  lJm=i  Am  is  disjoint  and  has 

the  natural  topology  ( U  C  1J^=1  Am  is  open  iff  U  fl  Am  is  open  in  Am 
for  all  m)  then  it  is  not  hard  to  see  that  S  is  of  finite  type  if  and  only 
if  it  has  compact  closure  in  (J^= ,  Am.  □ 

When  considering  S-almost  convex  functions  there  is  no  real  distinc¬ 
tion  between  S  of  finite  type  and  S  homogeneous. 

1.4.  Proposition.  Let  S  C  ULiA  m.  For  m  <  N  let  l % :  Am  — >  AN 
be  the  inclusion  ^(to, . . . ,  tm)  =  {to, . . . ,  tm,  0, . . . ,  0)  and  set  S*n  = 
i™[S  D  Am]  C  Ajv-  Let  S*  =  IJm=i  $ m  —  Aw-  Then  for  any  convex 
subset  C  of  a  real  vector  space  AhnCons*  (C)  =  AlmCon.s'fC'). 

Proof.  This  is  a  more  or  less  straightforward  chase  though  the  defini¬ 
tion.  □ 

The  proof  of  the  following  is  also  straightforward  and  left  to  the 
reader. 


1.5.  Proposition.  Let  S  C  Am  and  let 


S  {(tp{0),tp{1), 

pEsym(m+l) 


>  tp(  m  ))  :  (to,  th  ■  ■  ■  ,tm)  e  S} 


where  sym (m  +  1)  is  the  group  of  all  permutations  of  {0, 1, .... , m}. 
Then  for  any  convex  subset  C  of  a  real  vector  space  AlrnCon^*  (C)  = 
AlmCon5(C'). 


The  following  is  also  trivial. 

1.6.  Proposition.  Let  S\  C  S2  C  IJm=i  Am-  Then  for  any  convex 
subset  C  of  a  real  vector  space  AhnCons-2  (C)  C  AlrnCon,^  (C) .  □ 


The  following  can  be  used  to  reduce  certain  questions  about  S'-almost 
convex  functions  to  the  case  where  S  C  Ai. 


1.7.  Proposition.  Let  S  C  (J“=i  Am  and  let  S 1  be  a  nonempty  sub¬ 
set  of  S  fl  Am  for  some  m.  Let  N0, ...  ,Nk  be  a  partition  of  the  set 
{0, 1, . . . ,  m}  into  k  +  1  nonempty  sets  and  let 

S2  :=  {(a0(t),a2(t), ...,  ak(t ))  :  t  G  Si}  C  Afc 
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where 


Then 


aj(t)  y  ]  u- 

ieNj 


AlmCoiis(C)  C  AlmCoii52(C) 


for  any  convex  subset  C  of  a  real  vector  space.  In  particular  if 

(t0, . . .  ,tm)  G  S  and  for  some  k  G  {1, . . .  ,m  —  1}  we  set  a  =  t\-\ - b  4 

and  (3  =  £&+ H - b  tm  then  any  S  almost  convex  function  h  will  satisfy 

h(ax0 )  +  h(/3xi)  <  1  +  ah(x 0)  +  (Ihfx i). 


Proof.  Let  C  be  a  convex  subset  of  a  real  vector  space  and  let 
yo,  ■  ■  ■ ,  Pk  £  C,  a  G  S2  and  h  G  AlmCons(C).  Let  xo, . . .  ,xm  G  C  be 
defined  by 

Xi  =  yj  if  i  G  Nj 

As  a  G  S2  there  is  a  t  —  (t0, . . . ,  tm)  G  Si  C  S  so  that  a3  =  U- 

Then  as  h  is  S'-almost  convex 

(k  \  /  m  \  k  m 

y,  Uji/j  j  =  /if  y  lt*  j  <  1 + y  =  1 + y 

j= 0  '  ^  2=0  '  2=0  2=0 

Thus  h  G  AlmCoii52(C).  □ 

It  is  useful  to  understand  when  an  S'-almost  convex  function  is 
bounded. 


1.8.  Theorem.  Let  S  C  1J“=1  Am  and  assume  that  S  contains  at  least 
one  point  that  is  not  a  vertex  ( that  is  there  is  (t0, . . .  ,tm)  G  S  with 
max,;  t,  <  1).  Let  U  be  a  convex  open  set  in  Rn.  Then  any  S-almost 
convex  function  h:  U  — »  R  which  is  Lebesgue  measurable  is  bounded 
above  and  below  on  any  compact  subset  of  U . 

Proof.  Let  (to,...,tm)  G  S  with  max, t,  <  1.  Then  there  is  a  k  G 

{1, . . . ,  m  —  1}  so  that  if  a  —  t\  -\ - b  tk  and  /3  =  tk+ 1  H - b  tm,  then 

0  <  a,  (3  <  1,  a  +  /3  =  1  and  by  Proposition  1.7 

h(ax 0  +  (3x  1)  <  1  +  ah(x 0)  +  /3h(x  1). 

We  assume  that  a  <  /3,  the  case  of  a  >  f3  having  a  similar  proof.  As 
any  compact  subset  of  U  is  contained  in  a  bounded  convex  open  subset 
of  U  we  can  also  assume,  without  loss  of  generality,  that  U  is  bounded. 

Let  K  C  U  be  compact  and  let  r  =  dist(/l ,  dU).  For  any  x  G  Rn  let 
Br(x )  be  the  open  ball  of  radius  r  about  x.  Then  for  any  a  G  K  we 
have  Br(a )  C  U.  For  a  G  K  define  6a :  Rn  — >  R™  by 

1 


a 
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Then  it  is  easy  to  check  that  9a(a)  =  a  for  all  a  G  Rn  and  ax  + 
/ 39a(x )  =  a  for  all  x  G  Rn.  Also  9a  is  a  dilation  in  the  sense  that 
||0a(Ti)  -  9a{x o) ||  =  {at//3)\\xi  -  Toll  for  all  x0,xi  G  Rn.  As  9a(a)  =  a 
and  (a/fi)  <  1  this  implies  9a[Ba{r)]  =  Ba((a//3)r )  C  Ba{r).  Let  £n 
be  Lebesgue  measure  on  R"  .  Then  for  any  measurable  subset  P  of  R” 

£n{9a[P})  =  (a/ P)n  £n{P). 

Choose  a  positive  real  number  £  so  that 

<->  MS)><(!)‘*™> 

where  B(r)  is  the  open  ball  of  radius  r  about  the  origin.  Because  h  is 
measurable  and  £"(£/)  <  oo  there  is  a  positive  M  so  large  that 

Cn{x  G  U  :  h(x)  >  M}  <  e. 

Therefore  if  V  :=  {x  G  U  :  h{x)  <  M}  then  £n(U  \  V)  <  e.  Let 
A  :=  Ba(r)  fi  V.  We  now  claim  that  A  fl  9a[A]  has  positive  measure. 
For  if  not  then  A  and  9a[A]  would  be  essentially  disjoint  subsets  of 
Br(a)  and  therefore,  using  that  £n(9a[A\)  =  (a/ /3)n£n(A), 

Cl(Ba(r))  >  jCn(A)  +  C\9a[A}) 

>  (1+(^)  ")  (V‘(B„W)-£) 

which  can  be  rearranged  as  (1  +  (a//3)n)e  >  {a/ (3)nCn{B(r))  contra¬ 
dicting  (1.2).  Therefore  Cn(A  fl  9a[A])  >  0  as  claimed.  Let  a  ^  x  G 
A  fl  9a[A]).  Then  x  and  9a(x)  are  both  in  A  =  Ba(r )  fl  V  and  therefore 
h(x),  h(9a(x))  <  M.  Thus 

h(a)  =  h(ax+P9a{x ))  <  l+ah(x)+ph(9a(x))  <  1+aM+fiM  =  M+ 1 

which  shows  that  h  is  bounded  above  on  K . 

To  show  that  h  has  a  lower  bound  on  compact  subsets  of  U,  let  a  G  U 
and  let  r  >  0  be  small  enough  that  the  closed  ball  Ba{r )  is  contained 
in  U.  Then  Ba(r) is  compact  so  by  what  we  have  just  done  there  is  a 
constant  C  >  0  so  that  h(x)  <  C  for  all  x  G  Ba{r).  Let  x  G  Ba{r). 
Then,  again  as  above,  9a(x)  G  Ba(r),  and  therefore 

h(a)  =  h(ax  +  /39a{x))  <  1  +  ah{x)  +  (3h(9a(x ))  <  1  +  ah(x)  +  f3C 

which  can  be  solved  for  h(x)  to  give 

h(x)  >  -(h(a)~l-pC). 


ALMOST  CONVEX  FUNCTIONS 


7 


Therefore  h  is  bounded  below  on  Ba{r).  But  any  compact  subset  of 
U  can  be  covered  by  a  finite  number  of  such  open  balls  and  thus  h  is 
bounded  below  on  all  compact  subsets  of  U.  □ 

The  following  will  be  needed  later. 

1.9.  Corollary.  Let  h\  [a,  b]  — >  R  be  a  Lebesgue  measurable  function  so 
that  h(ax  +  f3y )  <  1  +  ah(x )  +  /3h(y )  for  some  a,  /3  >  0  with  a  +  (3  =  1 
(that  is  h  is  S-almost  convex  with  S  =  {(a,/3)}  C  Ai).  Then  h  is 
bounded  above  on  [a,  b] . 

Proof.  By  doing  a  linear  change  of  variable  (which  preserves  S'-almost 
convexity)  we  can  assume  that  [a,b]  =  [0,1].  Also  by  replacing  h  by 
x  i — *  h(x)  —  ((1  —  x)h(0)  +  xh(  1))  we  can  assume  that  /r(0)  =  h(  1)  =  0. 
Let  5  —  a/(  1  +  a).  Then  by  Theorem  1.8  there  is  a  constant  C\  >  0 
such  that  h(x)  <  C\  on  [5, 1  —  5],  Let 

C2  =  rnax{C'i ,  1/(1  —  a)  +  aCi}. 

We  now  show  that  h  <  C2  on  [0, 1].  If  x  —  0,  x  —  1,  or  x  G  [5, 1  —  5]  this 
is  clear.  Let  x  e  (0, 5)  then  the  choice  5  is  so  that  there  is  a  y  £  [5, 1  —  5] 
such  that  x  =  aky  for  some  positive  integer  k.  Also,  as  y  G  [5, 1  —  5], 
h(y)  <  Ci.  Therefore 

h(x )  =  h(aky)  =  h(/30  +  aak~ly) 

<  1  +  (5h{  0)  +  ah(ak-ly )  =  1  +  ah(ak~1y) 

<  1  +  a(l  +  ah(ak~2y))  =  1  +  a  +  a2h(ak~2y) 

<l  +  a  +  a2  +  --  -  +  ak +  akh(y ) 

<  - - h  aCi  <  C2. 

1  —  a 

If  x  G  (1  —  5, 1)  a  similar  calculation  shows  that  h(x)  <  C2  (or  this  can 
be  reduced  to  the  case  x  G  (0,  5)  by  the  change  of  variable  x  (1  — t)). 
This  completes  the  proof.  □ 

1.2.  A  general  construction  for  the  extremal  S  almost  convex 
set  on  a  simplex.  We  will  show  that  on  the  n-dimensional  simplex 
An  there  is  a  pointwise  largest  bounded  S'-almost  convex  function  that 
vanishes  on  the  vertices  of  Am.  We  start  with  some  definitions. 

1.10.  Definition.  A  tree ,  T,  is  a  collection  of  points  A/",  called  nodes , 
and  a  set  of  (directed)  edges  connecting  some  pairs  of  nodes  with  the 
following  properties:  The  set  Af  is  a  disjoint  union  J\f  =  UfL^Afk  where 
Ao  contains  exactly  one  point,  the  root  of  the  tree ,  each  A 4  is  a  finite 
set  and  if  A 4  =  {ui,  •  •  • ,  vm}  then  Afm+i  is  a  disjoint  union  Afm+i  = 
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V\  U  •  •  •  U  Vm  of  nonempty  sets  where  Vt  is  the  set  of  successors  of 
Vi.  The  (directed)  edges  of  the  tree  leave  a  node  and  connect  it  to  its 
successors  and  there  are  no  other  edges  in  the  tree  (cf.  Figure  1).  If  v 
is  a  node  of  the  tree  then  r(v)  :=  k  where  v  G  A 4  is  the  rank  of  v.  A 
branch  of  the  tree  is  a  sequence  of  nodes  (vk)^=0  where  Vq  is  the  root, 
r(vk)  =  k,  and  there  is  an  edge  from  Vk  to  Vk+ 1-  □ 

We  now  consider  trees  with  extra  structure,  a  labeling  of  the  edges 
in  a  way  that  will  be  used  in  defining  the  extremal  S'-almost  convex 
function. 

1.11.  Definition.  Let  S  C  (J“=1  Am  be  nonempty.  Then  an  S -ranked 
tree  is  a  tree  T  with  its  edges  labeled  by  non-negative  real  numbers 
in  such  a  way  that  for  any  node  v  of  the  tree  there  is  an  element 
t  =  (to,  •  •  •  ,tm)  G  S  so  that  there  are  exactly  m  +  1  edges  leaving  v 
and  these  are  labeled  by  t0, . . . ,  tm .  The  number  t,,  is  the  weight  of 
the  edge  it  labels.  Figure  1  shows  a  typical  S'-ranked  tree.  □ 


FIGURE  1 .  An  S  ranked  tree  showing  the  labeling  of  the  edges 
out  of  the  root  by  t  =  (to,  t\)  £  S  and  the  edges  out  of  the  rank 
one  nodes  by  s  =  (so,si)  £  S  and  r  =  (ro,ri,r2)  €  S.  In  our 
definition  each  node  will  have  at  least  two  edges  leaving  it  and  the 
sum  of  the  weights  to,. ..  ,tm  of  the  weights  of  all  edges  leaving  a 
node  is  unity  (as  (to,  ■  ■  ■  ,tm)  €  Am).  Finally,  in  the  definition  of 
tree  used  here,  all  branches  are  of  infinite  length. 

We  now  describe  how  an  S'-ranked  tree  determines  a  probability  mea¬ 
sure  on  the  set  of  branches  of  the  tree.  Let  T  be  an  S'-ranked  tree  and 
let  X  =  X(T)  be  the  set  of  all  branches  of  T .  If  (vk)^=0,  ( Wk)kL0  G  X 
are  two  elements  of  X  we  can  define  a  distance  between  them  as 
d((ufc)kL0,  K)£Lo)  =  where  i  is  the  smallest  index  with  ve  wi 
(and  d((vk)™=0,  (wfc)^L0)  =  0  if  {vk)kL0  =  (wk)%L 0).  While  we  will  not 
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need  to  use  this  fact,  it  is  not  hard  to  check  that  this  makes  X  into  a 
compact  metric  space  which  is  homeomorphic  to  the  Cantor  set. 

1.12.  Definition.  Let  S  C  (J^=1  Am  be  nonempty  and  let  T  be  an 
S'-ranked  tree.  Then  T  defines  a  measure  on  X ,  the  set  of  branches  of 
T,  as  follows.  For  v  a  node  of  T  let  I(v)  be  the  set  of  branches  of  T 
that  pass  through  v.  If  k  =  r(v)  is  the  rank  of  v  then  let  (vq,  it,  . . . ,  it) 
be  the  initial  segment  of  a  branch  passing  through  v  (so  that  v  =  rr) 
and  for  1  <  i  <  k  let  s,  be  the  weight  of  the  edge  from  Uj_i  to  vt.  Then 
p  is  the  measure  on  X  such  that 

fJ>(I(v))  =  s0si  •  •  -sk. 

(That  is  p(I(v))  is  the  product  of  the  weights  of  the  edges  along  an 
initial  segment  of  a  branch  connecting  the  root  to  v.)  A  measure  arising 

in  this  way  will  be  called  an  S -ranked  probability  measure.  □ 

It  follows  from  this  definition  that  if  v  is  a  node  of  T  and  vq,  . . . ,  vm 
are  the  successors  of  v  and  t  =  (to, . . . ,  tm)  G  S  labels  the  edges  from  v 
in  such  a  way  that  tt  labels  the  edge  from  v  to  then 

y(I(vi))  =  Up(I(v )). 

It  is  useful  to  give  a  description  of  an  A-ranked  probability  measure 
that  does  not  rely  directly  on  its  construction  from  an  5-ranked  tree. 

1.13.  Alternative  Definition.  An  S -ranked  probability  mea¬ 

sure  is  an  ordered  triple  (X,p,Tv)  where  X  is  a  nonempty  set, 
7T  =  (7To,  7Ti,  7t2,  . . .)  a  sequence  of  finite  partitions  of  X  into  nonempty 
subsets  such  that  7r0  =  {X}  and  7rfc+1  refines  7 t*,,  p  is  a  measure  defined 
on  the  o'- algebra,  A( 7r),  generated  by  (JfcLo  71  k  so  ^or  J  A  0  and 

all  /  G  7 Tj,  there  exists  (to,  •  •  • ,  tm)  G  S  such  that  if 

{J  G  TTj+l  •  J  C  /}  {Jo,  I\,  -  -  -  ,  Im\ 

then 

p(Ii)  =  tip(I),  for  0  <  i  <  m. 

if  i  g  ur=0  7 Tk  then  the  rank  of  /  is  r(I )  =  k  where  /  G  7 it.  (The 
union  UfcLo  71  k  Is  disjoint  so  this  is  well  defined.)  □ 

Given  an  S'-ranked  probability  measure  (X,  p,  tv)  we  can  construct 
an  5-ranked  tree  by  using  for  the  set  of  nodes  of  the  tree  J\f  =  Uylo  77 r 
letting  Mk  =  7 Tk  be  the  set  of  nodes  of  rank  k.  There  is  an  edge  from 
/ey  =  7 Tj  to  J  G  Afj+1  iff  J  C  /  in  this  case  the  weight  of  this  edge 
is  the  ti  such  that  p(J)  =  tip(I).  In  most  of  what  follows  we  will  work 
with  the  alternative  definition  of  S'-ranked  probability  1.13,  but  will 
think  of  any  such  measure  as  being  constructed  from  an  S'-ranked  tree 
as  above. 
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1.14.  Example.  Suppose  S  consists  of  a  single  point  (t0, . . .  ,tm)  in  the 
interior  of  Am  (so  that  each  tj  is  positive).  Then  there  is  a  only  one 
S-ranked  probability  measure  i.e.  p  =  the  product  measure  on  [m]N 
where  [m]  =  {0,1,...,  m}  and  p  —  is  x  u  x  •  •  •  and  v  is  given  on  [m]  by 

=  ti .  This  uniqueness  is  clear  when  viewed  in  terms  of  S-ranked 
trees  as  when  S'  is  a  one  point  set  there  is  clearly  only  one  S-ranked 
tree.  □ 

1.15.  Remark.  Let  (to,  •  •  • ,  tm)  G  S  and  for  each  i  with  0  <  i  <  m,  let 

(Aj,/r^,  7r^)  be  an  S'-ranked  probability  measure  on  a  set  X,  where 
we  assume  Xt  n  X3  =  0  for  i  ^  j.  We  let  X  =  U!=o  A,  (the  disjoint 
union  of  the  X*)  and  let  7r0  =  {X}.  For  j  >  1  set  tx3  =  Uili71"]-!- 
(This  gives  7Ti  :=  {X"Q, . . . ,  Xm}.)  Dehne  a  measure  p  on  A( 7r)  by 
p(A)  =  Ym=\  Up^HA  fl  Xj).  Then  (A",  p,  n)  is  an  S'-ranked  probability 
measure.  Note  that  if  /  G  7 then  rp,)  (I)  =  j  and  r^I)  =  j  +  1.  □ 

1.16.  Definition.  If  x  =  (xo,  •  •  • ,  xn )  G  An  and  a  =  is  a  proba¬ 

bility  sequence  in  l\  (that  is  at  =  1  and  cq  >  0)  then  x  divides 
a,  written  as  x  j  a,  iff  N  =  {1,2,...}  can  be  partitioned  into  sets 
N0,  Ni, . . . ,  Nn  such  that 

Xk  =  oii  for  k  —  0, 1, . . . ,  n. 

ieNk  □ 

1.17.  Definition.  Define  E  =  E^n :  An  — >  R  by 

OO 

E(x)  =  inf  ^^(/i)/i(I;) 

3= 1 

where  the  infimum  is  taken  over  all  S'-ranked  probability  measures 
(X,p,7r)  and  all  disjoint  sequences  {Ij)f=  \  C  {0}  U  IJfclo7rfc  with 

OO 

(1.3)  J2p(Ij)  =  1  and  x\  (p(Ij))f=1 

3= 1 

(This  can  be  rephrased  using  disjoint  sequences  ( I3 )  C  {Jfclo7rfc  which 
are  either  finite  or  countable.  But  it  is  notationally  more  convenient  to 
take  a  finite  sequence  and  extend  it  to  a  sequence  (Ij)(^=1  with 

Ij  =  0  for  j  >  m  +  1.)  □ 

In  much  of  what  follows  that  the  domain  of  E  is  An  will  be  clear 
and  we  will  just  write  E$  or  just  E  rather  than  E^n. 

1.18.  Remark.  For  each  S-ranked  probability  measure  (X,p,7r)  we  let 
A,  denote  the  finite  algebra  with  elements  of  7D  as  its  atoms.  Then 
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in  the  last  definition  let  (Ij)'jL i  C  a  disjoint  sequence  so 

that  (1-3)  holds  and  let  N  =  No, . . . ,  Nn  be  a  partition  of  N  so  that 
Xk  =  J2jeNk  M-f?)-  Then  set  Aik  =  U {Ij  :  r(Ij)  =i,j  E  Nk}.  Then 

oo  n  oo 

^  1 r ij,{I j) j)  —  ^  ^  ^  ^  i't-ii.Ajk)- 

j= 1  fc=0  i=0 

Therefore  we  could  also  define  E(x )  by 

n  oo 

#(a?)  =  inf  ^  ^  in{Aik) 

k= 0  i=0 

where  the  infimum  is  taken  over  all  S'-ranked  probability  measures,  and 
all  disjoint  sequences  (Afc)o<fc<n,o<*  so  that 

Aik  £  Ai  and  ^  ^  T/j.  ^ 

i 

The  following  sum  will  be  used  a  couple  of  times.  The  proof  is  left 
to  the  reader. 


1.19.  Lemma.  Let  a,  x  G  R  with  x|  <  1  and  k  an  integer.  Then 


y^(q  +  j)xk+j  =  axk  +  (a  +  l)xk+1  +  (a  +  2)xk+2  +  •  •  • 
i=o 


h 

ax 

1  —  X 


+ 


(1  —  x)2 


axk  +  (1  —  a)xk+1 
(1  —  x)2 


□ 


1.20.  Proposition.  For  any  nonempty  S  C  (J“=iAm  we  have 
Es(ek)  =  0  for  all  vertices  of  An  and  if  x  G  An  is  not  a  vertex 
then  Es(x )  >1.  If  S  contains  a  point  (t0,...,tm)  which  is  not  a 
vertex,  i.e.  e  :  =  max,;  t{  <  1,  then  E$  is  bounded  on  An  and  in  fact  has 
the  upper  bound 


Es(x)  <  1  + 


(2e  —  e2)(n  +  1) 


on  An.  Thus  if  inljes  max,;  tt  =  0  (for  example  when  S  =  [J“=i  Amj 
then  E  is  given  by  E(ek)  =  0  and  E(x)  =  1  for  x  G  An  and  x  not  a 
vertex. 


Proof.  If  x  is  a  vertex  of  Am,  which  without  lost  of  generality  we  can 
take  to  be  x  =  eo,  then  let  (A,  p,7r)  be  any  S'-ranked  probability 
measure  and  let  I\  =  X  and  Ij  =  0  for  j  >  2.  Partition  N  as  Nq  =  {1} 
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and  Ni, . . , ,  Nn  an  arbitrary  partition  of  N\  {0}.  Then  r(/i)  =  r( X)  = 
0  and  l-i(Ij)  =  /i ( 0 )  =  0  for  j  >  2  and  therefore 

OO 

0  <  E{e 0)  <  =  0. 

3=0 

Thus  E(e0)  =  0. 

Now  assume  that  x  is  not  a  vertex  and  let  (A",  fi ,  7r)  be  an  S-ranked 
probability  measure  and  ,  with  —  1  and  x  I 

Then  as  x  is  not  a  vertex  we  have  that  Xk  <  1  for  0  <  k  <  n  and 
therefore  p(/ j)  <  xk  <  1.  Thus  Ij  ^  X  and  therefore  r(Ij)  >  1.  This 
gives 

OO  OO 

'^Jr,AI-j)lAIj)  >  =  1 

j= 1  i=1 

Taking  an  inhmum  then  gives  that  E(x)  >  1. 

Now  assume  that  S  contains  a  point  that  is  not  a  vertex  and  note 
that  if  Si  C  S2  then  ES2 ( x )  <  ESl  ( x )  for  all  x.  Thus  it  suffices  to  show 
that  Eg(x)  is  bounded  when  S'  is  a  single  point  (to,  •  •  •  Am)  with  £  = 
maxjtj  <  1.  Suppose  (xo,Ti, . . .  ,xn )  G  An.  We  let  p  be  the  product 
measure  as  in  Example  1.14  and  we  let  Ai  :=  as  in  Remark  1.18 
and  use  the  alternative  definition  of  Eg  given  in  Remark  1.18.  For 
each  k,  0  <  k  <  n,  we  select  inductively  a  set  Aik  G  Ai  with  ( Aik)i,k 
pairwise  disjoint  such  that 


xk  -  A  <  ^  A i(Ajk)  <  xk. 
j=o 


Note  that  if  /  G  7 r*,  then  p(J)  <  e\  We  carry  out  the  the  inductive 
selection  as  follows:  Let 


li 


Then 

(1.4) 


1 1  G  7D  :  /  fl 


{/l,/2,  .  .  .  , /m}- 


n  i— 1  M 

>  =  EE  k-(Ajk)  +  ^^/i(/s). 

fc=0  j=0  s=l 


If  Sj=o  MA?o)  >  t0  -  let  Ai0  =  0-  If  )Cj=o  MAo)  <  t0  -  £*  let  s0 
be  the  first  integer  such  that 


i—  1  «o 

k'(Ajo)  +  M-Ts)  A  To  —  £*. 

j=0  s=0 
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Since  /i(/so)  <  £*, 

i— 1  so 

Y  v(Ajo)  +  Y  m Is )  -  x°- 

j'=0  s=0 

Let  Ai o  =  Us=o  ^  Continue  choosing  from  {/So+i, . . . ,  Im}  to  obtain 
An, ... ,  Ain.  Note  that  by  (1.4),  the  supply  of  atoms  in  X,:  is  sufficient 
to  choose  the  sets  Ai0,  An, ... ,  Ain.  For  i  >  2  we  have 

i— 1  i 

Xk  -  El~l  <  E  //  ( A  j }. )  E  ^  '  //  ( y4 j  )  E  Tfc 

i=o  i=o 

which  implies  /J.(Aik)  E  £l_1  for  i  >  2.  As  p.(Aifc)  E  a:*;  we  can  use 
Lemma  1.19  (with  a  =  0)  to  compute 


OO  OO  OO 

^  y Aj fc)  /j.(yAik')  ^  E  T  ^ 

i=0  i=2  i=2 


Tfc  + 


2£-£2 


Thus,  in  the  notation  of  Remark  1.18, 


-E(t)  E  EE  E  ^  ^  Tfc  T 

fc=0  i=l  fc=0 


(n  +  1)£ 


(n  +  l)(2e-£2) 

(1-e)2 


which  bounds  E  as  required. 


□ 


1.21.  Proposition.  T/ie  function  E  =  Es  is  S-almost  convex  on  An. 


Proof.  Let  (t0,  h, . . . ,  tm)  G  S  and  y0,  yi,  ■ . . ,  ym  e  An.  For  0  E 
i  E  in,  let  (Xi,ySl\  7r^)  be  an  E-ranked  probability  measure.  We 
let  C  {0}  U  UFi  4°  be  a  disjoint  sequence  such  that  r/*  | 

(/rb)(/jb^oo !_  Now  iet  jj  pe  the  ,5-ranked  probability  measure  on 
A”  =  Ui=o  A?:  as  in  Remark  1.15,  i.e.  fi(A)  =  (Xi  D  A).  It 

is  easily  checked  that  Y^Lo^Vi  I  (and  Yij  =  !)■ 

Thus 


i=0 


e[  Y1^) 

i— 0  j= 1 


*=0  j= 1 
m  oo 

EEN44Vi]oC(X) 

i=0  j=l 
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Taking  the  infimum  over  all  ,  n (m'>  on  the  right  hand  side  of  this 

gives  E  (Y^Lo  UVi)  <  1  +  Y1T=  o  E(Vi)  which  completes  the  proof.  □ 


1.22.  Theorem.  The  function  E  =  Es  is  the  extremal  S-almost  convex 
function  on  An  in  the  sense  that  if  h  is  a  bounded  S-almost  convex 
function  on  An  with  h(e k)  <  0  for  0  <  k  <  m,  then  h(x)  <  E(x)  for 
all  x  G  An. 


Proof.  Let  x  G  An.  Also  let  (X,/i,ir)  be  an  S'-ranked  probability 
measure  and  (If)^  a  disjoint  sequence  in  tv  such  that 


OO 

E  T(h)  = 1  and  E  m-^) =  Xk 

i= 1  ieAfc 


where  N  is  partitioned  by  N0,  Ni, . . . ,  Nn  and  x  =  YHl= o  xkek ■  If  A  G 
cr{Ii  :  i  —  1,  2, ...  }  (the  cr-algebra  generated  by  {/,;  :  i  —  1,2,  ,..}),  i.e. 
A  =  U{/j  :  C  A },  we  define  (for  A  0,  so  that  /x(A)  >  0) 


xA  ■  = 


1 

H(A) 


E(  E  T(Ii))ek. 

k= 0  'i£Nk,  UCA  ' 


Then  the  map  A  i— >  h(A)xa  is  a  vector  measure  on  a{It  :  i  —  1,2,...}. 
Note  that  x\  =  x  (as  X  =  IJSo  ^  excePl  f°r  a  set  °f  /^-measure  zero 
so  that  X  G  a{Ii  :  i  —  1,  2, . . .  }).  For  each  m  —  1, 2,  3, . . .  let 


Am  :  =  [J  A,  and  7 Zm  :=  { J  G  7Tm  :  J  D  Am  =  0 }. 


Note  that  if  rM(/j)  >  m,  then  I,  C  ./  for  some  J  G  Ern.  Since 

}  "  =  1  —  =  ^  ^  M'-O 

r/j,(Ii)>m  J€Km 


each  J  G  'Em  is  (except  for  a  set  of  ^-measure  zero)  a  disjoint  union  of 
countable  many  sets  J*  with  r^If)  >  m  so  that  J  G  cr{Ii  :  i  =  1,2,...}. 


1.23.  Lemma.  With  h  as  in  the  statement  of  Theorem  1.22 
(1.5)  h(x)  <  E  ^(/^(A)  +  E  [m  +  h{xjMJ). 

J&'Rm 

Before  proving  the  lemma  we  show  that  it  implies  the  theorem.  As  h 
is  bounded  there  is  an  M  so  that  h(x)  <  AT  for  all  x  G  An.  Therefore 
by  the  lemma 
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h(x)  <  Y  rn(Ii)v(Ii)  +  Y  +  M  Y  ^ 

rtl(Ii)<m  JG'R-m  J&Tlm 

=  E  MUMU  +  m  E  /^( li )  +  M  Y 

<  Y  T^Ii)^Ii)  +  +  M  M7*) 

rp{Ii)<m  rII(Ii)>m  r^(Ii)>m 

OO 

=  Er<v.uv)  +  M  E  uu- 

*=1  rM(L)>?n 

Since  linim^oc  At(/j)  =  0  this  yields  h(x)  <  Yl’Zi 

Taking  the  infimum  over  /i  gives  /i(x)  <  .E(x)  and  completes  the  proof 

of  Theorem  1.22.  □ 


Proof  of  Lemma  1.23.  The  proof  is  by  induction  on  m.  The  base  case  is 
rn  —  0  which  amounts  to  h(x)  <  [0  +  h(xx)\fJ>(X)  which  is  an  equality. 
Now  assume  for  some  m  >  0  that  the  inequality  (1.5)  holds.  Consider 
J  G  7 Zm.  Then  J  divides  into  sets  Jo,  Ji, . . . ,  Jn  G  7rm+i  such  that 

( KJo)  KJn)\  g  o 
H(J)  J  • 

Since  Yi=o  J^i)xJi  =  p{J)xj  the  *S'-almost  convexity  of  h  implies 

Kxj)  < 1  +  Y  jf(jj h(Xji)- 


Multiplying  this  by  fJ,(J) 

N 

n(J)h(xj)  <  n(J)  +Y^(Ji)h(xji) 

i= 0 

N  N 

=  £>(■*)  "h  ^ 

i= 0  i=0 

N 

=  Yil  + 

i=0 

G  7rm_|_i  :  J  fl  kLm  =  0}  and  apply  the  above  to  each 
+  h(xj)]fj,(J)  <  Y  \.m  +  1  +  h(xj)}3(J)- 

J  E<Sm 


If  we  let  iSm  =  { J 
J  G  Um 

Y  h 

J  G7^.m 
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If  J  G  Sm  and  J  =  for  some  i  then  xj  =  Xii  =  e*,,  where  i  G  Nk. 
Thus  the  term  for  J  satisfies 

[m+l  +  h{xj)\n{J)  =  [m  +  l  +  h(ek)\fi(Ii)  <  (m+l)/i(Ii)  = 

since  A  G  7rm+i  and  h(ek)  <  0.  Now  { J  G  Sm  :  J  ^  I,  for  any  i}  = 


.  Thus 

h(x)  < 

E 

r )j,(Ii)n(Ii)  +  Y 

+  h(xj)}n(J) 

J  (EiTZm 

< 

E 

r»(Ii)li(Ii)  +  Y  im 

+  1  +  h(xj)\n(J) 

rp(Ii)<m 

J  dzSm 

< 

E 

r^Ii)n(Ii)  +  Y 

r  n(Ii)  H'(Ii) 

+  Y,  [m  +  1  +  h(xj)\n(J) 

j£Hm+ 1 

=  r  ^  [m  +  1  +  h(xj)]/i(J). 

This  closes  the  induction  and  completes  the  proof  of  the  lemma.  □ 

1.3.  Bounds  for  S-almost  convex  functions  and  the  sharp 
constants  in  stability  theorems  of  Hyers-Ulam  type.  Let 

S  C  (J^=1  Am  and  assume  that  S  contains  at  least  one  point  that 
is  not  a  vertex,  that  is  a  point  (to,  ■  ■  ■  ,tm)  with  max,; tt  <  1.  Then, 
letting  E^n :  An  — >  R  be  as  in  Definition  1.17,  set 

(1.6)  Ks(n)  :=  sup  Egn(x). 

x&A„ 

By  Proposition  1.20  the  number  Ks(n )  is  finite.  The  function  E^n  and 
the  number  Ks(n)  are  extremal  in  several  analytic  and  geometric  in¬ 
equalities  involving  S-almost  convex  functions  and  sets.  An  example 
of  this  is  the  sharp  form  of  the  Hyers-Ulam  stability  theorem  (Theo¬ 
rem  1.26)  in  which  Ks(n )  is  the  best  constant  and  the  example  showing 
this  is  the  case  is  the  function  Egn .  The  exact  value  of  Ks(n)  for 
some  natural  choices  of  S  are  given  in  latter  sections.  As  a  prelimi¬ 
nary  to  Theorem  1.26  we  show  that  S'-almost  convex  functions  with 
minimal  regularity  (Borcl  measurability)  are  locally  bounded  so  that 
Theorem  1.22  can  be  applied. 

Recall  that  in  a  metric  space  the  Borel  sets  are  the  members  of  the 
<7-algebra  generated  by  the  open  sets  and  if  /:  X  — >  Y  is  a  function 
between  metric  spaces  then  it  is  Borel  measurable  iff  f~l\U]  is  a  Borcl 
subset  of  A"  for  every  open  subset  U  of  Y. 
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1.24.  Proposition.  Assume  that  S  has  at  least  one  point  that  is  not  a 
vertex.  Let  h :  An  ^  R  be  a  Borel  measurable  S -almost  convex  func¬ 
tion.  Then 

h(x)  <  Egn(x)  +  x0h(e0)  H - h  xnh(en) 

<  KS(n)  +  x0h(e0)  H - b  xnh(en). 

Proof.  By  replacing  h  by  x  i— >•  h(x)  —  (xoh(eo)-\ - b xnh(en)),  which  will 

still  be  S'-almost  convex,  we  may  assume  that  h{ef)  —  0  for  0  <  i  <  n. 
If  h  is  bounded  then  h  <  E^n  by  Theorem  1.22.  So  to  finish  the 
proof  it  is  enough  to  show  that  h  is  bounded.  In  doing  this  we  can  use 
Proposition  1.7  and  note  that  there  are  a,  /3  >  0  with  a  +  (3  =  1  so  that 
if  S2  =  {«,  pi}  then  h  is  ^-almost  convex.  (To  be  a  bit  more  precise 
let  (to,  •  •  •  Pm)  £  S  with  max  tn  <  1  and  then  the  choice  a  =  max*  tt 
and  P  =  1  —  a  works.) 

With  this  choice  of  S2  we  now  prove  by  induction  on  n  that  if 
h:  An  — »  R  is  ^-almost  convex  and  vanishes  on  the  vertices  of  An 
then  h  <  Ks2{n).  The  base  case  is  n  —  1.  Then  as  a  Borel  measurable 
function  is  Lebesgue  measurable  Corollary  1.9  implies  h  is  bounded. 
But  then  Theorem  1.22  implies  h(x)  <  Egf(x)  <  Ks2(1). 

For  the  induction  step  let  h:  An  — >  R  be  ^-almost  convex  and 
vanishes  on  the  vertices  of  An.  Let  g:  An_i  — »  R  be  the  function 
g(y  o,  •  •  • ,  yn- 1)  =  h(yQ, ...,  yn-i,  0).  Then  g  is  ^-almost  convex,  van¬ 
ishes  on  the  vertices  of  An_x  and  is  Borel  measurable.  Therefore  by 
the  induction  hypothesis  g  <  n s2(n  —  1).  Let  y  G  An_i  and  consider 
the  function  h:  [0, 1]  — >  R  given  by 

h(t)  =  h((  1  -  t)(y ,  0)  +  ten)  -  (1  -  t)h(y,  0). 

Then  this  is  ^-almost  convex  on  [0, 1]  and  is  Borel  measurable.  There¬ 
fore  another  application  of  Corollary  1.9  implies  that  h  bounded  and  as 
h  vanishes  at  the  endpoints  of  [0,1]  we  have  that  h(t)  <  ks2(  1).  This 
implies 

h((l  ~  t)(y ,  0)  +  ten)  =  h(t)  +  (1  -  t)h(y,  0)  =  h(t)  +  (1  -  t)g(y) 

<  kS2(  1)  +  (1  -  t)Kspn  -  1) 

<  KSa(l)  +  ns2(n  -  1). 

But  every  x  G  An  can  be  expressed  as  x  =  (1  —  t)(y,  0)  +  ten  for 
some  y  G  An_i  and  some  t  G  [0,1].  Therefore  h  is  bounded  on  An. 
Then  Theorem  1.22  implies  h(x)  <  Eg2(x)  <  Ks2{n).  This  closes  the 
induction  and  completes  the  proof.  □ 
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1.25.  Theorem.  Let  U  be  a  convex  set  in  a  normed  vector  space  and 
let  h:  U  — >  R  be  an  S -almost  convex  function  which  is  bounded  above 
on  compact  subsets  of  U.  Assume  that  S  contains  at  least  one  point 
which  is  not  a  vertex.  Then  for  any  xq,  . . . ,  xn  G  U  the  inequalities 

h(toXo  +  ■  ■  ■  +  tnxn )  <  E^n(t)  +  t0h(x0)  +  •  •  •  +  tnh(xn ) 

(1.7)  <  ns(n)  +  t0h(x 0)  H - b  tnh(xn) 

hold  for  all  t  =  (to, . . . ,  tn)  G  An.  If  U  is  compact,  n-dimensional  and 
V  is  the  set  of  extreme  points  of  U  then 

(1.8)  sup  h(x)  <  Ks(n)  +  sup  h(v). 

x&U  v&V 

Proof.  Let  /:  An  — >  R  be  given  by  f(t)  =  h(toXo  +  •  •  •  +  tnxn)  — 
(t0h(xo)  +  •  •  •  +  tnh(xn )).  Then  /  is  S-almost  convex,  bounded  (as  h 
is  bounded  on  the  convex  hull  of  {xo,  •  •  •  as  it  is  compact)  and 
vanishes  on  the  vertices  of  An.  Therefore  by  Theorem  1.22  f(t)  < 
E^n(t)  <  Ks(n)  which  implies  (1.7). 

If  U  is  compact  and  n  dimensional  with  extreme  points  V,  then  U  is 
the  convex  hull  of  V.  By  Caratheodory’s  Theorem  for  any  x  G  U  there 
are  xo,...,xn  G  V  and  t  =  (to, . . . ,  tn)  so  that  x  =  t0xo  +  •  •  •  +  tnxn 
which,  along  with  (1.7),  implies  (1.8).  □ 

We  can  now  give  the  sharp  version  of  the  Hyers-Ulam  stability  the¬ 
orem  for  S'-almost  convex  functions. 


1.26.  Theorem.  Let  S  C  (J“=1  Am  so  that  S  contains  at  least  one 
point  that  is  not  a  vertex.  Assume  that  U  C  Rn,  £  >  0,  and  that 
h:  U  -»•  R  is  bounded  above  on  compact  subsets  of  U  and  satisfies 

(1.9)  h(t0x o  H - b  tmXm)  <£  +  t0h(x0 )  H - b  tmh(x o) 

for  all  t  =  (to,  •  •  • ,  tm)  G  S  and  points  xq,  . . . ,  xm  G  U .  Then  there  exist 
convex  functions  g,  g0:  U  — >  R  such  that 

h(x)  <  g(x)  <  h(x )  +  Ks(n)e  and  \h  —  go(x)\  <  — -^-e 

for  all  x  G  U .  The  constant  Ks(n)  is  the  best  constant  in  these  inequal¬ 
ities. 


1.27.  Remark.  Note  that  if  h  satisfies  (1.9)  then  e-1/?.  is  S-almost  con¬ 
vex.  Therefore,  by  Theorem  1.8,  if  U  is  open  and  h  is  Lebesgne  mea¬ 
surable  then  h  will  automatically  be  bounded  on  compact  subsets  of 
U .  Likewise  if  U  is  a  Borel  set  and  h  is  Borel  measurable  then  by 
Proposition  1.24  h  will  be  bounded  above  on  the  convex  hull  of  any 
finite  number  of  points  and  which  is  enough  for  the  proof  of  the  theo¬ 
rem.  □ 
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Proof.  In  the  special  case  that  S  =  {(1/2, 1/2)}  C  a  proof,  based 
on  ideas  of  Hyers  and  Ulam  [5,  p.  823]  and  Cholewa  [1,  pp.  81-82], 
can  be  found  in  [2,  pp.  29-30],  As  the  details  in  the  present  case  are 
identical  we  omit  the  proof.  □ 


2.  General  results  when  S  is  compact. 

We  now  assume  that  S  C  1J/}=1  Am  is  compact.  By  Remark  1.3  this 
implies  that  S  is  of  finite  type.  Therefore  by  Proposition  1.4  there  is 
no  loss  in  generality  in  assuming  that  S  C  Am  for  some  m. 


2.1.  Mean  value  and  semi-continuity  properties.  Let  K  c  R" 

be  a  compact  convex  set  and  let  V  be  the  set  of  extreme  points  of  K. 
If  ip:  V  — >  R  is  a  function,  then  h :  K  — >  R  has  extreme  values 
equal  to  p  iff  h\y  =  p.  Two  functions  g,  f:  K  R  have  the  same 
extreme  values  iff  they  agree  on  V.  If  <p:  V  — >  R  is  a  bounded 
function  and  S  C  Am  then  let  Bs(K,  p)  be  the  set  of  bounded  S-almost 
convex  functions  h :  K  — >  R  so  that  h\y  <  p.  Then  the  extremal  S- 
almost  convex  function  with  extreme  values  (p  is 

Es,K,<p{x)  '■=  SUP  Kx)- 

hGBs(K,<p) 

If  S  contains  at  least  one  point  which  is  not  a  vertex,  then  Theo¬ 
rem  1.25  implies  that  E^k,^  is  finite  valued  and  in  fact  ESyc^{x)  < 
sup,,gy  <p(v)  +  Ks(n)-  As  the  pointwise  supremum  of  S'-almost  con¬ 
vex  functions  is  S-almost  convex,  the  function  Es,k,<p  is  the  pointwise 
largest  S-almost  convex  function  with  Es,k,<p(v)  <  (p(v)  on  V. 

If  K  c  Rn  is  a  compact  convex  set  and  V  is  the  set  of  extreme  points 
of  K  then  for  any  function  h :  K  — »  R  define  Aish:  K  — >  Rn  by 


Msh(x ) 


h(x), 

(  m 

inf  5  1  + 


t  e  S,  x 


x  eV; 

X  e  K  \  v 


where  it  is  assumed  that  yo, ...  ,ym  G  K.  We  can  then  define  A-almost 
convex  functions  in  terms  of  this  operator  by  the  following,  for  any 
bounded  function  / :  K  R, 


f<Msf 


f  is  S'-almost  convex. 


This  operator  satisfies  a  maximum  principle  and  can  be  used  to  prove 
that  extremal  S'-almost  convex  functions  are  lower  semi- continuous. 


2.1.  Theorem.  Let  K  C  Rn  be  a  compact  convex  set  with  extreme 
points  V .  Assume  that  S  C  A,m  is  compact  and  has  at  least  one  point 
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which  is  not  a  vertex.  Let  f,F:  K  — >  R  be  bounded  functions  so  that 
M.sf  <  /  and  F  is  S-almost  convex  (that  is  M.sF  >  F)  then 

(2.1)  sup (F(x)  -  f(x))  =  sup (F(v)  -  f(v)) 

x  EK  vE.V 

and  if  L  is  the  lower  semi- continuous  envelope  of  f , 

(2.2)  L(x)  :=  min{/(x),liminf  f(y)} 

y^x 


then 


sup  (F(x)  —  L(x))  =  sup  (F(v)  —  L(v)) . 

x  EK  vEV 


2.2.  Remark.  The  proof  here  follows  the  basic  outline  of  the  proof  of  cor¬ 
responding  result,  [2,  Theorem  2.8  p.9],  in  the  case  S  =  { (1/2/1/2) }  C 
Ai.  However  the  technical  details  are  trickier  in  the  case  when  S  is  in¬ 
finite.  But  most  of  the  rest  of  the  results  of  [2,  Section  2.2]  go  through 
with  only  minor  changes  to  the  proofs.  □ 


Proof.  The  proofs  of  (2.1)  and  (2.2)  are  similar,  with  the  proof  of  (2.1) 
being  the  simpler  of  the  two,  so  we  will  give  the  details  in  the  proof 
of  (2.2).  The  inequality  /  >  Aisf  implies  for  x  ^  V  and  any  £  >  0 
there  is  a  t  —  (t0, ... ,  tm)  G  S  and  y0, ...  ,y.m  G  K  such  that 

m  m 

(2.3)  x  -  1  id  f(x)>l-£  +  ^2tif(yi). 

i= 0  2=0 

As  /  and  F  are  bounded  we  can  assume,  by  adding  appropriate  positive 
constants  to  /  and  F,  that  1  <  /  <  F  <  M  for  some  M  >  1.  Set 

u{x)  :=  F(x)  —  L(x),  S  :=  supo;(x). 

xEK 

We  need  to  show  that  sup^y  a>(u)  >  <5  (as  sup„gy  a>(u)  <  5  is  clear). 
We  may  assume  that  5  >  0,  for  if  §  =  0  then  F  =  L  and  there  is 
nothing  to  prove. 


2.3.  Lemma.  Let  w0  G  K,  but  w0  ^  V  and  assume  for  some  £  >  0 
that 

(1  -  e)5  <  u{wq). 

Then  there  is  a  w\  G  K  so  that 

(1  —  (m  +  1)(2M  —  l)e)  5  <  u{w\)  and  L{w i)  <  L{wq)  —  -. 

We  now  prove  Theorem  2.1  from  the  lemma.  Let  £  >  0.  We  now 
choose  a  finite  sequence  wq,  w\,  . . . ,  with  k  <  2 M  as  follows.  From 
the  definition  of  5  there  is  a  wq  G  K  with  (1  —  e)5  <  oj(w o).  If  wq  G  V 
we  stop.  If  Wq  ^  V,  then  by  the  lemma,  there  is  a  W\  G  K  with 
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(1  —  (m  +  1)(2 M  —  l)e)5  <  u(w i)  and  L(wi)  <  L(w0)  —  1/2.  If  ur  e  V 
then  stop,  otherwise  use  the  lemma  (with  W\  replacing  w$  and  (m  + 
1)(2M— l)e  replacing  e)  to  get  a  w2  with  (l  —  ((m+l)(2M —l))2e)S  <  5. 
If  w2  G  V,  stop.  If  w2  f  V  then  we  continue  to  use  the  lemma  to  get 
wo,  w  i, . . .  ,Wk  with 

^1  —  ((m  +  1)(2M  —  l))-7^  5  <  w(wj)  and  L(wj )  <  L(wj-\ )  —  - 

for  1  <  j  <  k.  This  implies  that  L(w/~)  <  L(w0 )  —  k/2  <  M  —  2/k.  But 
as  L  >  1  this  process  must  terminate  for  some  k  <  2 M  with  Wk  G  V. 
Then 

supa;(n)  >  u(wk)  >  fl  —  ((m+  1)(2M  —  l))fce)  5 
>  (l  -  ((m  +  1)(2M  -  l))2Me)  5. 

Letting  £  \  0  in  this  implies  sup„gy  oj{v)  >  <5  which  completes  the 
proof.  □ 


Proof  of  Lemma  2.3.  Let  wo  be  as  in  the  statement  of  the  lemma.  From 
the  definition  of  L  there  is  a  sequence  (a:(s))“  x  C  K  so  that  x(s)  — > 
w0  and  f(x(s))  — >  L(w0).  By  (2.3)  there  is  a  sequence  (t(s))“1  = 
((t0(s), . . .  ,im(s)))~!  C  S  and  sequences  (y0(s))™=0, ...,  (j/m(s))~  0  C 
K  so  that  (replacing  (a;(s))^L1  by  the  appropriate  subsequence). 


1  +  ^2ti(s)f(yi(s)) 


-+O0 


i= 0 


for  some  non-negative  real  number  C.  By  compactness  of  S  and  K  we 
can  assume,  by  possibly  going  to  a  subsequence,  that  t(s)  — >  t  G  S'  and 
2/i(s)  ->•  Ui  e  K  and  that  /(^(s ))  ->  A*  for  some  t  G  S,  y0, . . .  ,ym  G  S 
and  Ai  G  R.  Then  w0  =  an(l  from  the  definition  of  L , 

L{yi)  <  Ibn  s— >oo  f{Vi{s))  =  Ai.  Therefore 


m  m 

(2.4)  lim  f(x(s))  =  L(w0 )  =  C  +  1  +  >  1  +  V'tiL(yi). 

s — »oo  z z ' 

2=0  2=0 

This  is  turn  implies  that 


(2.5)  -F(w0)  =  cn(wo)  +  L(w 0)  >  a;(in0)  +  1  +  y^Lfa). 

i=0 


Because  F1  is  S'-almost  convex, 


(2.6)  F(w0)  <  1  +  ^  =  1  +  tiL(y 0  + 

2=0  2=0  i=0 
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Combining  (2.5)  and  (2.6)  yields 


(2.7)  v(w0)  <  y 'tju(yi). 

i= 0 

We  now  claim  there  is  an  iq  so  that 


(2.8) 


1 

U°  -  (m  +  1)(2M  —  1)  ’ 


L{y*o)  <  L(^o) 


l 

2' 


To  see  this  partition  {0, 1, ... ,  m}  into  two  sets  I\  and  I2  where  I\  :  = 
{i  :  ti  <  l/((m  +  1)(2M  —  1))}  and  I2  :  =  (i  :  U  >  1  /((m  +  1)(2M  — 
1))}  =  {0, . . . ,  m}  \  I\.  Note  that  as  M  >  1  we  have 


<  (m  +  l)/((m  +  1)(2M  -  1))  =  1/(2M  -  1)  <  1/2 

ieh 


so  that  I2  ^  0.  For  i  G  /2  let  a*  =  QT -e/2  **)  V  Tlien  Z/e/2  W  =  L 
Using  (2.4), 


ie/2 


ier2 


-l 


y>^)=  y>  s  CT(|/i)  <  EM  E  UL{y; 


ieh 


ieh 


-1  m 


i=0 


< 


(L(w0)  -  1) 


We  have  already  seen  that  1  —  YUeh  ^  =  Sie/i  ^  —  1/(2 M  —  1)  and 
therefore  Yhieh  U  >  1  —  1/(2 M  —  1)  =  (M  —  1  )/(M  —  1/2).  Thus 


5^  «<-%<)  <  - 1) 

ieh 


< 


L(w0)  -  1/2 
E(w0)  -  1 

E(w0)  -  - 


(L(w0)  -  1) 


where  we  have  used  that  L(w0 )  <  M  and  that  (M  —  1/2 )/(M  —  1)  is 
decreasing  for  M  >  1.  As  Ylieh  a*  =  1  this  implies  there  is  at  least  one 
f0  €  h  with  L(yio )  <  T(ta0)  —  1/2.  For  this  i0  the  claim  (2.8)  holds. 

Letting  i0  be  so  that  (2.8)  holds  and  using  (1  —  e)5  <  u(w0),  and 
that  u){yi)  <  5  for  all  i  in  (2.7)  we  have 


(1  —  s)  5  <  cv(wo)  <  E  ticv(yi)  <  tiocj(yio )  +  (1  -  tio)5. 

This  implies 


i=0 


( l~ti0l£)5  <u(Vio)- 
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As  tio  >  1  /((m  +  1)(2 M  —  1))  this  gives 

(1  -  ((m+l)(2M-  l))e)5  <  u(yio). 

Letting  W\  =  ylQ  completes  the  proof  of  the  lemma.  □ 

2.4.  Theorem.  Let  K  C  Rn  6e  a  compact  convex  set  with  extreme 
points  V.  Assume  that  <p:  V  — >  R  is  uniformly  continuous.  Let  S  C 
Am  be  compact  and  contain  at  least  one  point  that  is  not  a  vertex.  Then 
the  extremal  S -almost  convex  function  Es,k,<p  is  lower  semi- continuous 
and  satisfies  ES)k,v\v  =  T- 

Proof.  This  can  be  derived  from  Theorem  2.1  in  the  same  way  that  [2, 
Theorem  2.12  p.  13]  is  derived  from  [2,  Theorem  2.8  p.  9].  □ 

2.2.  Simplifications  in  the  construction  of  Effn  when  S  is  com¬ 
pact.  One  complication  in  Definition  1.17  is  that  the  infimum  is  taken 
over  a  collection  of  measures  that  are  not  all  defined  on  the  same  mea¬ 
sure  space.  When  S  C  Am  it  is  possible  to  have  all  the  measures 
involved  defined  on  the  same  space. 

Suppose  S  C  Am.  We  may  regard  each  ^-ranked  probability  mea¬ 
sure  as  a  (Borel)  probability  measure  on  X  =  [m]N,  with  [m]  = 
{0, 1, . . .  ,  m}.  Let  V(X)  be  the  space  of  probability  measures  on  X. 
Then  V(X)  C  C(X)*  and  in  the  weak*  topology  V(X)  is  compact  and 
metrizable  (as  C(X)  is  separable).  We  let 

Vs( X)  :=  {/ jl  G  V{X)  :  fj.  is  S'-ranked}. 

Then  every  /i  G  Vs(X)  has  7 Tj(p)  =  TTj  given  by 

t  /  for  some  (m,  . . . ,  im)  G  [m\3 , 

3  \  I  =  {x  G  X  :  x(l)  =  ii,..  ■ , x(j)  =  ij}. 

or  what  is  the  same  thing  /  G  TXj  if  and  only  if  /  =  {m}  x  {i2}  x  {<•/}  x X2 
where  Xj  =  II **4,+ i  with  Y%  =  [m]  for  all  i.  Since  each  /i  G  Vs(X) 
has  the  same  sequence  7r  =  (7 Tj),  we  let  r(J)  =  r^{I)  which  is  defined 
independently  of  the  choice  of  p  G  Vs(X).  Let  7 r  =  (JyA  1  71  j- 

Finally  note  that  if  Aj  =  A(nj)  and  A  G  Aj,  then  A  is  a  clopen  (i.e. 
both  open  and  closed)  set  in  X.  Consequently  1  a  G  C( X).  In  this 
case  we  have  Aj  =  A{jij)  and  thus  the  function  /i  1— »•  p(A)  =  f  1a  dp 
is  continuous  on  V(X)  and  thus  on  Vs( X).  □ 

2.5.  Proposition.  With  this  notation,  if  S  C  Am  is  closed,  thenVs(X) 
is  closed  in  V(X)  and  thus  is  weak*  compact. 
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Proof.  Notice  that  if’/j  G  V(X),  then  /i  G  Vs(X)  if  and  only  if  for  every 
/  G  7T,  there  exists  (f0,  ti,  •  •  • ,  tm)  G  <5  such  that 

m 

p{i)  ^  ]  tjp(ij) 

i= 0 

where  /  G  7Tj  and  /  is  the  disjoint  union  of  J0,  A, . . . ,  Im  G  7r,-+1.  Let 
t  =  (to,  ti, . . . ,  tm)  G  S'  and  define  a  function  h^t :  V(X)  — >  R  by 

m 

hl,t(p)  h(L)  ^  ^  tjfl(If) . 

i=0 

Then  this  is  continuous  on  V(X).  Let 

m 

A /  :=  |^J  hj^ [{0}]  ={/iG  P(A)  :  /. i(I )  =  y for  some  t  G  S}. 
tes  i= o 

Then  Ps  =  P|/e7r  A/.  As  an  intersection  of  closed  sets  is  closed,  to  finish 
the  proof  it  is  enough  to  show  that  each  A 7  is  closed.  Let  fis  G  A 7 

and  suppose  ps  weak  >  //  in  V(X).  For  each  s  =  1,2,3, .. .  there  is  a 
t(s)  =  (t0(s), . . .  ,tm(s))  G  S  such  that  pis(I)  =  Yh=u  U(s)ns(Ii).  Since 
S  is  compact,  by  passing  to  a  subsequence,  if  necessary,  we  may  assume 
that  t(s)  — >  t  —  (to,  •  •  • ,  tm)  G  S.  Thus 

m  m 

fi(I)  =  lim  fis(I )  =  lim  =  V'ii/x(/i). 

S— XX  s— XX)  *  z ' 

2=0  2—0 

Therefore  A/  is  closed.  □ 

2.6.  Proposition.  Suppose  that  S  C  Am  is  closed  and  that  S  contains 
a  point  that  is  not  a  vertex  (so  that  by  Proposition  1.20  E  =  Es  is 
bounded).  Then 

(1)  E  is  lower  semi-continuous, 

(2)  If  x  G  An;  then  there  exists  a  p  G  Vs(X)  and  a  pairwise  disjoint 
sequence  (If)  G  n  such  that 

OO 

=  x\(n(Ii)) 

i=  1 

and 

OO 

1=1 

Thus  the  infimum  that  defines  E(x)  is  a  minimum. 


(2.9) 
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2.7.  Remark.  The  lower  semi-continuity  of  E  also  follows  from  Theo¬ 

rem  2.4,  but  we  include  another  proof  here  both  because  it  is  short  and 
also  to  have  a  proof  that  is  independent  of  [2],  □ 

2.8.  Lemma.  Suppose  that  S  is  a  closed  subset  of  Am.  Further  suppose 

(1)  (x(s))^L1  is  a  sequence  in  An  with  x(s)  An, 

(2)  (/u is  a  sequence  in  Vs(X)  with  p,s  -ea-  >  ji  G  Vs{ X), 

(3)  For  all  s  G  N,  there  a  disjoint  sequence  (I]S)fL\  C  {0}UlJ^o  7p 
such  that  Rs(Ijs)  =  1; 

(4)  x(s)  |  (p(Ijs))°°=1,  and 

(5)  There  is  an  M  >  0  so  that  for  all  s  G  N 

OO 

Ms  :  =  y ^  r(Ijs)ns(Ijs)  <  M. 

3= 1 

Then  there  exists  a  disjoint  sequence  (Ij)JLi  C  {0}  U  lj^07p  so  ^ a t 

OO 

i-  =  1 

3= l 

ii.  x  |  Wj))f=  i 

OO 

iii.  r(Ij)n(If)  <limsupMs. 

1  S — >oo 

j=i 

Proof.  First  we  select  a  subsequence  ( xa)a&F  of  {xs)'fLl  for  some  infinite 
F  F  N  by  first  choosing  sets  Fj(k)  C  N  and  Ij(k)  G  {0}  U  [J^0 
as  follows:  For  each  s  G  N,  we  can  use  point  4  to  partition  the 
terms  of  ( IjS)°f=1  into  n  +  1  sequences  (IjS( 0))^L1, . . . ,  ( IjS(n))°T1  where 
YfjLi  P{Ijs{k))  =  xs(k)  and  xs  =  Ylk=oxs(k)ek.  We  may  assume 
that  for  every  k  G  {0,1,..., n}  that  r(Iis(k))  <  r(/2  <.(£;))  <  •••. 
If  lims_>oor(/ls(0))  =  oo,  let  Fj  (0)  =  N  and  /i(0)  =  0,  otherwise 
(r(/is(0)))^=1  is  bounded  for  some  infinite  set  of  s  G  N.  Since  for 
any  integer  L ,  there  are  only  finitely  many  sets  in  n  of  rank  <  L, 
there  is  an  /i(0)  so  that  /is(0)  =  /i(0)  on  an  infinite  subset  Fi(0)  of 
N.  Similarly  choose  Fi(l)  infinite  in  Fi(0)  and  /i(l)  such  that  either 
lim^oo  r(/is(l))  =  oo  and  ii(l)  =  0  or  iis(l)  =  /i(l)  for  all  s  G  Fi(l). 
Continue  selecting  infinite  sets  Fj(k )  of  N  and  Ij(k)  G  {0}  U  IJtoF 
such  that 

Fi(0)  D  Fi(  1)  D  •  •  •  D  Fi(n)  5  F2(0)  D  F2(  1)  D  •  •  • 

and  either  lims^.00r(ljs(k))  =  oo  and  Ij(k)  =  0  or  IjS(k )  =  Ij(k)  for 
all  s  G  Fj(k).  The  inequalities  r(Iis(k))  <  r(L2s(k))  <  ■  ■  ■  yield 

lim  r(IjS(k ))  =  oo  implies  lim  r(L+is(k))  =  oo, 


26 


DILWORTH,  HOWARD,  AND  ROBERTS 


and  therefore 

lim  r(IjS(k ))  =  oo  implies  0  =  Ij(k)  =  W*0  =  W*0  =■■■. 

s — >oo 

Also  the  sets  (Jj(A;))°h1}!=0  are  pairwise  disjoint. 

Now  let  F  be  an  infinite  set  in  N  such  that  each  F  \  Fj{k)  is  finite. 
Let  L  G  N.  Assumption  5  implies 

(L  +  1)  55  Hs(Ijs)  A  55  r(Ij s)^s{Ij s)  <  Af 

r(/JS(A;))>L+l  r(Ij  s(k))>L+l 

Thus  for  fixed  s  and  k 

\  M 

/  y  ksijj  s) 
r(Ij  s(fc))>L+l 


and  therefore 


Hence 


5  ^  ^  Xg^k'j 


L  +  1 
M 


r(Ijs(k))<L 


L  +  l 


55 

s— >oo  r(Ij  a(k))<L 


r(Ijs(k))<L 


>  lim  xs(A;) 


M 

L  +  l 


=  x(k ) 

where  a;  =  Ylk=ox(k)ek-  It  follows  that 


M 

L  +  l 


J2^(Ij(k))  >  x(k). 
i= i 

But  since  the  sets  (. Ij(k ))  are  pairwise  disjoint 

n  oo  n 

1  >^2^2n(Ij(k))  >  55^0)  =  1. 

fc=0  j=l  fc=0 

Since  this  implies  that  there  must  be  equality  for  each  /c  e  {0, . . . ,  n}: 

OO 

55  =x(k). 

3= 1 

Once  again  £x  L  e  N.  For  s  suitably  large  in  F,  IjS(k)  =  Ij(k)  if 
r(Ij(k))  <  L.  Thus 

55  M-OMM-OM)  =  lim  ^5  fi{Ijs(k))r(Ija(k)) 

z — *  s — >oo  z ' 

r(Ij(k))<L  r(Ij(k))<L 
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<  lim  sup  Ms . 

s— K>0 

(All  the  sums  are  finite  so  there  is  no  problem  in  interchanging  the 
limit  with  the  summation.)  Since  this  holds  for  all  large  L  G  N, 

/j,(Ij(k))r(Ij(k))  <  limsupMg. 

.  ,  s — >oo 

Now  splice  the  sequences  (Jj(0))°fi1,  ,  (Ij(n)}^=1  into  a  sin¬ 

gle  sequence  (Ij)'jL i  C  { 0 }  U  lj^07p.  This  sequence  satisfies  the  con¬ 
clusion  of  the  Lemma.  □ 

Proof  of  Proposition  2.6.  We  First  show  the  lower  semi-continuity  of 
E.  Suppose  that  {x(s))%L l  is  a  sequence  in  An  and  that  x(s)  — >  x  G 
An.  Further  suppose  that  (E(x(s)))  is  convergent.  For  each  s  G  N, 
select  a  measure  ps  G  Vs(X)  and  a  sequence  {IjS)JL1  in  tt  such  that 
EJi  Ps^js)  =  1,  t(s)  |  and  Ms  =  EJi  Vs(Ijs)r(Ijs)  < 

E(xs)  +  1/s.  By  passing  to  a  subsequence,  if  necessary,  we  may  assume 

that  ps  w-ea-  ->  p  G  Vs{ X).  By  Lemma  2.8,  there  is  a  sequence  (/j)^ 
in  7r  so  that  p(Ii)r(Ii)  =  1,  x  \  (p{Ii))™i  and 

OO 

A’(t)  <  p(Ii)r(Ii)  <  lim  sup  Ms  =  lim  E(xs). 

2=1 

Thus  A  is  lower  semi-continuous. 

We  now  show  the  second  conclusion  of  Proposition  2.6.  Let  x  G  An. 
Select  (ps)(fL1  a  sequence  in  Vs(X)  and  for  each  s  choose  a  sequence 
(IjS)jLi  in  T  such  that  =  1,  t  |  (^(/js))^  and 

£(z)  <  y ^ps(Ijs)r(Ijs)  <  E(x)  +  -. 


By  passing  to  a  subsequence,  it  necessary,  /. is  - »  /i  ror  some  fi  G 

Vs( X).  Let  (If/fLi  be  the  sequence  obtained  by  Lemma  2.8.  Then  for 
the  measure  p  and  the  sequence  (I])fLl  the  equality  2.9  holds.  This 
completes  the  proof.  □ 

3.  Explicit  Calculation  of  Efn  and  Ks(n)  when  S  the 

BARYCENTER  OF  Am. 


The  most  natural  choices  of  S  are  when  S'  is  a  entire  simplex  Am 
or  S  is  the  barycenter  of  Am.  We  have  treated  the  case  of  S  =  Am 
in  a  previous  paper  [3]  by  different  methods.  Here  we  compute  E^n 
and  Ks(n)  in  the  case  S  is  the  barycenter  of  Am  based  on  the  general 
theory  above.  It  will  simplify  notation  to  let  B  —  m  +  1. 
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We  now  assume  that  S  =  {(1/ B, . . .  ,1/B)}  C  AB-i-  To  give  E^n 
explicitly  we  need  a  little  notation.  First  for  any  real  number  x  let 
{a;}  =  x  —  \x\  be  the  fractional  part  of  x  and  define  a  function  H  = 
II a  :  R  — >  R  from  by 

(3.D  Hb(*)  =  ±IJP- 

k= 0 

Note  that  this  series  is  termwise  dominated  by  the  geometric  series 
Yl'kL o  1  / Bk  and  therefore  it  is  easy  to  deal  with  computationally. 

3.1.  Theorem.  For  S  =  {(l/B, . . .  ,1/ B)}  the  function  E  :  = 
E,s :  An  — >  R  is  given  by 

E(x)  =  E(x0,x i, . . .  ,xn)  =  Hb(x o)  +  Hb(x i)  H - h  HB(xn) 

and  the  value  of  Ksfn)  =  supa.eAn  E(x)  is 

Tl 

Ks(n)  =  I  logB  n  \  +  1  +  — — — — : - r. 

v  '  l  j  (5  —  l)5LlogsnJ 

Some  values  of  Ks'(n)  for  small  values  of  B  and  n  are  given  in  Table  1. 


B\n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

2 

2.0000 

3.0000 

3.5000 

4.0000 

4.2500 

4.5000 

4.7500 

5.0000 

5.1250 

5.2500 

3 

1.5000 

2.0000 

2.5000 

2.6667 

2.8333 

3.0000 

3.1667 

3.3333 

3.5000 

3.5556 

4 

1.3333 

1.6667 

2.0000 

2.3333 

2.4167 

2.5000 

2.5833 

2.6667 

2.7500 

2.8333 

5 

1.2500 

1.5000 

1.7500 

2.0000 

2.2500 

2.3000 

2.3500 

2.4000 

2.4500 

2.5000 

6 

1.2000 

1.4000 

1.6000 

1.8000 

2.0000 

2.2000 

2.2333 

2.2667 

2.3000 

2.3333 

7 

1.1667 

1.3333 

1.5000 

1.6667 

1.8333 

2.0000 

2.1667 

2.1905 

2.2143 

2.2381 

8 

1.1429 

1.2857 

1.4286 

1.5714 

1.7143 

1.8571 

2.0000 

2.1429 

2.1607 

2.1786 

9 

1.1250 

1.2500 

1.3750 

1.5000 

1.6250 

1.7500 

1.8750 

2.0000 

2.1250 

2.1389 

10 

1.1111 

1.2222 

1.3333 

1.4444 

1.5556 

1.6667 

1.7778 

1.8889 

2.0000 

2.1111 

11 

1.1000 

1.2000 

1.3000 

1.4000 

1.5000 

1.6000 

1.7000 

1.8000 

1.9000 

2.0000 

TABLE  1.  Values  of  Ks(n)  for  S  =  {1/B, . . .  ,1/B)}  with  2  < 
B  <  11  and  1  <  n  <  10. 


The  graphs  of  z  —  E^2(x,y,  1  —  x  —  y)  for  some  small  values  of  B 
are  given  in  Figure  2. 


3.2.  Remark.  Let  B  be  the  set  of  numbers  of  the  form  j / Bl  for  j,l 
integers  and  j  relatively  prime  to  B.  Then  using  the  series  expan¬ 
sion  (3.1)  and  the  argument  of  [2,  Prop.  2.25  p.  22]  it  is  not  hard  to 
show  E  =  E ^ 1 :  Ai  — »  R  is  given  by 


E(l-t,t) 


B 


B-  1’ 
B 


1 


t£B- 


t  = 


j 

Bl-i 


e  B. 


B- 1  B1-11 


□ 
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FIGURE  2.  Graphs  of  z  =  Es(x,y,  1  —  a:  —  y)  for  5  = 

{(l/B, . . . ,  1/-B)}  €  Ag_i  showing  the  dependence  on  TL  The 
values  of  B  are  B  =  3  (top),  B  =  6  (middle),  and  B  =  10  (bot¬ 
tom).  (The  graph  for  B  =  2  is  in  [2,  p.  23].) 

3.0.1.  The  formula  for  E^n .  Let  [B]  =  {1, 2, . . . ,  B}  and  let  X  =  [L?]N. 
Let  [I  be  the  measure  on  X  given  by  n  —  Y\^L]  Vj  where  Uj  is  the  mea¬ 
sure  on  [B\  given  by  /Jj  ({?'})  =  1  /B  for  1  <  i  <  B.  Therefore  if  I  G  iik 
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then  //(/)  =  1  / Bk.  The  following  lemma  on  being  able  to  realize  certain 
sequences  of  numbers  as  sequences  (/ with  {Ij)jL i  a  sequence 
from  {0}  U  (Jfclo  71  k  allows  us  to  simplify  the  definition  of  Es(x )  in 
some  cases  by  replacing  the  inhmum  over  S'-ranked  measures  with  an 
inhmum  over  special  sequences  of  numbers  rather  than  measures. 


3.3.  Lemma.  Let  be  a  nondecreasing  sequence  of  nonnegative 

integers  such  that 


£ 


1 

Bri 


<  1. 


3= 1 

Then  there  is  disjoint  sequence  (I3)ff\  in  IJ^Lo7rfc  suc ^  ^at 
M-0)  =  and  r{Ij)  =  r> 


Proof.  As  for  /  G  we  have  //(/)  =  1  / Br^>  it  is  enough  to  show 

the  existence  of  disjoint  sequence  (//(/ j))jLi  with  //(/,■)  =  1/Br>  for  then 
r(Ij)  =  Tj  automatically  holds.  We  select  this  sequence  recursively. 
Suppose  that  I\  ,/2., ...,//  have  been  chosen  to  be  pointwise  disjoint 
with  =  1  /Br\  Then 

j  3  oo 

E^i)  =  T,wP1~  £ 

i=  1  i= 1  i=j- hi 

Since  each  of  the  sets  ii,  /2, . . . ,  Ij  is  a  union  of  atoms  from  7 rr  .+1,  there 
is  an  atom  of  7Tr  .+1  that  is  disjoint  from  Ii,  /2, . . . ,  Ij.  As  atoms  of  7rrj+1 
have  //-measure  1  / BVj+1  we  can  use  this  atom  as  ij+ 1-  n 

In  light  of  Lemma  3.3  and  Proposition  2.6  we  have  that  E  =  E^n  is 
given  on  x  =  (x0, . . . ,  xn)  G  An  by 

E(x)  =  min  :  x  |  (//(//))“  1 J 


(where  //  is  S'-ranked,  (Ij)ff=1  is  pairwise  disjoint,  and  Yl'jLi  Pi^j)  =  1) 

— {z^-i  <v^)r=i} 

(where  r3  G  N  and  =  1) 


n 

=  >  min 

^  N0,...,Nn 

k—\  partitions  N 


00  -. 

yA:il=yl 

jji  j  k  Z^  Qrj 

3= 1 
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So  if  H :  [0, 1]  — >  R  is  defined  by 
H{x)  =  Hb(x)  =  min 


OO 


3= i 


5 


then 

n 

E(x)  =  y^H(xk). 

k= o 

(We  will  shortly  see  that  HB  is  also  given  by  the  formula  (3.1)  so 
this  notation  is  consistent  with  the  notation  used  in  the  statement  of 
Theorem  3.1.) 

We  now  give  some  other  representations  of  H .  For  x  G  [0, 1]  consider 
sums 

OO  OO  ^ 

E  — —  where  x  =  >  — — . 

B  r  J  ^  Br:i 

3= 1  j=l 

Let  Xi  =  \{j  :  r.j  =  i} |.  Then  these  sums  can  be  rewritten  as 


OO 


i= 0 


where  x 


OO 


1=0 


and  so 
(3.2) 


H(x)  =  min  (  Yi  ffi  :  Y  =  x<  x‘  e  N 


i= 0 


i= 0 


Bi 


3.4.  Lemma.  If  Y^Lo^i/ a  minimizing  sum  in  (3.2)  (so  that 
H(x)  =  ixi/ El),  then  Xi  e  {0, 1, . . . ,  B  -  1} . 

Proof.  Clearly  xq  <  1  (otherwise  x  ^  [0,1]).  Suppose  that  for  some 
j  >  1  that  Xj  >  B.  Then  let 


Vi  = 


Xj- 1  +  1, 

Xj  —  B, 


i  =  j  ~  l; 

i  =  i; 


Then  each  yx  is  nonnegative  integer,  =  x  and 

Wi  _  ( j  -  jjpEj-i  +  1)  jfa  ~  B)  \  -  hr* 
^  Bl  ~  IP  1  +  Bi  ^  IV 

i=0  i¥=3,3~  1 

_  3  ~  1 _ 3  ti-Qxj-i  x3  \  - 

“  Bi-1  Bi-1  Bi-1  Bi  ^ 


iXj, 

7F 


l 

Bi-1 


OO 


2=0 


i7(x) 


1 

Bi~- 1' 
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This  contradicts  the  minimality  of  the  sum  and  completes  the  proof. 

□ 


Recall  that  any  real  number  x  G  [0, 1]  has  a  base  R-expansion 
x  =  YllL oxi/Bl  where  each  Xi  G  {0, 1, . . . ,  B  —  1}.  This  expansion 
is  unique  unless  a;  is  a  R-aclic  rational  (that  is  a  rational  number  of 
the  form  k/Bl  for  integers  k  and  /).  A  R-adic  rational  has  exactly 
two  base  B  expansions,  one  finite  and  one  infinite  (if  xn  >  0  then 
=  Eto  *</B‘  +  (xn  -  1)/B"  +  £„„+1(B  -  1  )/B‘).  For 
R-aclic  rationals  x  we  will  always  use  the  finite  expansion,  but  will 
still  write  x  =  Y^oxi/Bl  with  the  understanding  that  x^  =  0  for  i 
sufficiently  large. 

3.5.  Proposition.  If  x  G  [0,1]  has  base  B  expansion  x  =  YlrLo  Xi/Bl, 
then  H(x)  is  given  by 

OO 

i=0 

Proof.  From  Lemma  3.4  we  know  that  if  x  =  EZoVi/B1  with  Vi  non¬ 
negative  integers  is  the  expansion  of  x  so  that  H(x)  =  Y^iLoWi/ Bl, 
then  0  <  yi  <  B  —  1.  When  x  is  not  a  R-adic  rational  uniqueness 
of  base  B  expansions  implies  that  yl  =  xt  and  we  are  done.  If  a;  is  a 
/i-aclic  rational  and  so  has  two  expansions  with  0  <  y,  <  B  —  1  then 
direct  calculation  shows  that  [CXo  PhJ B'  is  smaller  when  the  finite 
expansion  is  used.  Thus  yt  =  Xi  in  this  case  also.  □ 


It  is  convenient  to  extend  H  to  all  of  R  to  be  periodic,  H[x  +  1)  = 
H{x).  This  is  possible  as  H( 0)  =  H(  1)  =  0.  Let  r:  R  — >  R  be  the 
function  that  agrees  with  the  greatest  integer  (or  floor)  function  on 
[0,  B)  and  is  periodic  of  period  B.  That  is 


r(x)  := 


kl> 

r(x  +  B ) 


0  <  x  <  B] 
r(x),  x  G  R. 


Then  if  x  =  'Yl°iLixil Bl  is  the  base  B  expansion  of  x  G  [0, 1)  then  it 
is  easily  checked  that  Xi  =  r(Blx )  and  therefore  x  =  X^i  r(Blx)/ Bl. 
Then  the  fractional  part  {rr}  of  the  real  number  x  is  given  by 


{*}  =  £ 


r(Blx ) 

Bi 
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as  both  sides  are  equal  to  x  on  [0, 1)  and  are  periodic  of  period  1.  Also 
the  periodic  extension  of  H  to  R  is  given  by 

ir(Blx ) 


H(x)  = 


OO 

£ 

i= 1 


B< 


These  relations  can  be  used  to  prove: 


3.6.  Proposition.  The  periodic  extension  of  H  to  R  satisfies  the  func¬ 
tional  equation 


(3.3) 

and  has  the  series  representation 

(3.4) 


I  Hr.)  =  {x}  +  —H(Bx) 


k=0 


Bk 


Thus  H  is  lower  semi- continuous,  continuous  at  all  points  of  [0, 1]  that 
are  not  B-adic  rationals,  and  right  continuous  at  all  points  of  [0,1]. 
Also  this  function  satisfies  the  bounds 

Bx 

x\ogB{l/x)  <H(x )  <  - -  +x\ogB(l/x) 

on  [0, 1]  (see  Figure  3). 

Proof.  Other  than  the  lower  bound  x\ogB(l/x)  <  H(x),  we  refer  the 
reader  to  the  proofs  of  [2,  Prop.  2.14  p.  15]  and  [2,  Prop.  2.21  p.  19] 
which  cover  the  case  when  B  =  2.  Only  trivial  changes  are  required 
for  the  general  case. 

To  prove  the  lower  bound,  suppose  x  =  'f2JLn  xj  / B3  is  the  base 
B  expansion  for  x  with  xn  >  1 .  Then  x  >  1  / Bn  and  therefore 
\ogB{l/x)  <  n.  Thus 

OO  OO 

nogB(i/n<£|i<£f  =  »<*) 

j=n  j=n 


as  required. 


□ 


We  have  now  finished  all  of  the  proof  of  Theorem  3.1  other  than 
computing  the  exact  value  of  Ks{n). 

3.7.  Remark.  The  graph  of  HB  has  some  interesting  geometric  proper¬ 
ties.  The  following  facts  can  be  verified  by  the  arguments  used  in  [2, 
Remark  2.15  p.  16]  which  corresponds  to  the  case  B  —  2.  For  each 
positive  integers  i,j,k  the  graphs  of  the  restrictions  HB\..^Bk  ^i+1yBk\ 

and  HB  |  ,^Rk  {j+xyBk}  are  translates  of  each  other  and  so  the  graph  of  Ft 
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FIGURE  3.  Graphs  of  y  =  Hb{x),  y  =  x\ogB(l/x),  and  y  = 
Bx/(B  —  l)+x\ogB(l/x)  on  [0, 1]  for  the  values  B  =  3  and  B  =  10. 


is  “locally  self  congruent  at  all  scales  1  / Bk'" .  The  closure  of  the  graph 
is  homeomorphic  to  the  Cantor  set  and  the  graph  itself  is  this  Cantor 
set  with  a  countable  number  of  points  deleted.  Thus  the  graph  is  zero¬ 
dimensional  as  a  topological  space.  However  the  Hausdorff  dimension 
of  the  graph  is  one.  Thus  the  closure  of  the  graph  has  metric  dimension 
larger  than  its  topological  dimension  and  therefore  is  a  fractal.  □ 

3.8.  Remark.  (Cf.  [2,  Remark  2.26  p.  22])  The  functional  equation  (3.3) 
for  h  =  Hb  can  be  used  to  explain  the  self-similarities  of  the  graph  of 
Es:  A n  — >  R  with  S  =  {(1/B, . . . ,  1  / B).  Let  v  E  An  point  so  that 
all  the  entries  of  (B  —  l)v  are  integers.  Let  x  E  An  be  any  point 
that  is  not  a  vertex.  Then  (x  +  (B  —  1  )v)/B  is  not  a  vertex  and  so 
all  the  components  of  (x  +  (B  —  1  )v)/B  are  in  the  interval  [0, 1)  and 
thus  are  equal  to  their  fractional  part.  So  letting  x  =  (xo, . . . ,  xn)  and 
v  =  (no,  •  •  • ,  vn)  and  using  (3.4) 

E  ^x  +  (B  -  l)u^  _  +  {B  -  l)vk 

k=0  ^  '  k= 0 
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Xk  +  (B  —  1 )Vk  ,  1  ZJ(  \ 

A - b - +  bL/,(i‘) 

k=0  k= 0 


=  1  + 


where  we  have  used  that  for  each  k  that  ( B  —  1  )vk  is  an  integer  so 
that  H{xk  +  (B  —  l)ufc)  =  H(xk)  as  H  has  period  one.  On  the  set 
An  x  [0,  oo)  for  each  v  G  An  so  that  ( B  —  l)v  has  all  integer  entries 
dehne  9V :  An  x  [0,  oo)  — >  An  x  [0,  oo)  by 


0v{x,z)  = 


x  +  (B  —  l)v  1 
B  ,1+  BZ 


This  is  the  dilation  by  1/5  with  center  (v,  B/(B  —  1)).  The  calculation 
we  have  just  done  shows  for  each  x  G  An  that  is  not  a  vertex  that 

ev(x,  E{x))  =  (x  +  (bb~  1)v,  i  + 

fx  +  (B-l)v  fx+(B-l)v\\ 

~  (  B  ’  {  B  ))■ 

Therefore  each  of  these  dilations  maps  the  graph  of  E  into  a  subset  of 
the  graph.  When  B  is  much  larger  than  n  there  will  be  a  large  number 
of  points  v  G  An  so  that  (5  —  l)r;  has  all  integral  elements  and  thus  in 
this  case  the  graph  of  z  —  E(x )  will  have  a  very  large  number  of  self 
symmetries.  This  is  apparent  in  the  bottom  graph  in  Figure  2  where 
n  =  2  and  B  =  10.  □ 


3.0.2.  Calculation  of  Ks(n).  Let  Bn  be  the  points  in  An  with  5-adic 
rational  coordinates.  Then  Bn  is  dense  in  An  and  E  is  lower  semi- 
continuous.  Therefore 

sup  E(x)  =  sup  E(x). 

xet3n  xeA  n 

So  there  is  a  sequence  (x(s))“1  C  An  so  that  x(s)  =  Ylk=oXk(s)ek 
with  each  Xk(s)  a  5-adic  rational  and  with  lim^oo E(x(s))  =  fts(n). 
Each  Xk(s)  can  be  written  Xk(s)  =  k(s)/ ^  with  Xjk(s)  £ 

{0, . . . ,  B  —  1}  and  each  sequence  (a;jfc(s))°h0  eventually  0.  By  passing 
to  a  subsequence  we  may  assume  that  for  0  <  k  <  n  and  0  <  j  <  oo 
that  limwoc  Xjk(s )  =  Xjk  with  xjk  G  {0, . . . ,  B  —  1}.  That  is  for  fixed 
j  and  k  we  have  x3k(s)  =  x3k  for  sufficiently  large  s.  Therefore  if 
xk  =  -o  x]  k / B3  for  0  <  k  <  n,  then  by  the  Lebesgue  Dominated 

Convergence  Theorem  X]fc=o  xk  —  1-  (All  the  series  Eylo  xi k(s) / B3  are 
dominated  by  the  convergent  geometric  series  YlJLo  (B  —  1)  / B]  so  we 
can  take  the  limit  in  1  =  lim^oo  Y^'k=oxjk(s)/Bj  =  xj k/ B3  = 
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Y^k= oxk-)  Another  application  of  the  Lebesgue  Dominated  Conver¬ 
gence  Theorem  gives 


Ks(n)  =  lim  E(x(s))  =  lim  >  > 

.s — »no  — >no  ‘  ^  ‘  ^ 


JXjk( 


k= 0  j= 0 


B, 


fc=0  j=o 


Let 

n  m 

M,(S)  :=  £  Xjk(s)  and  Mj  :  =  E 

fc=0  fc=0 

So  for  fixed  j  we  have  Mj(s)  =  Mj  for  sufficiently  large  s.  Also 


E(x(s)) 


ST'  jMj(s) 
bj 

3= 0 


«s(n)  = 

i=o 


Bi  ’ 


i  =  E 

i=i 


fit  ’ 


and  for  fixed  s  we  have  Mj(s)  =  0  for  sufficiently  large  j. 

As  a  first  observation  note  that  each  x3(s)  <  B  —  1  which  implies 
Mj(s)  <  ( n  +  1  )(B  —  1)  which  in  turn  implies 

(3.5)  Mj  <  (n  +  l)(B  -  l). 

Assuming  n  >  1  (as  we  know  As(0)  =  0)  we  have  M0  =  0  (for 
M0  =  YZk=o  xok  >  0  would  imply  that  the  point  (xo,  •  •  • ,  xn)  is  a  vertex 
of  An  and  this  is  clearly  not  a  maximizing  sum).  Let 


£  +  1  =  least  j  such  that  Mj  >  0. 
In  particular  0  =  M0  =  •  •  ■  =  M \  and  M£+i  >  0. 


3.9.  Lemma.  If  j  >  I  +  2,  then  Mj  >  (B  —  1  )n. 

Proof.  Suppose  not  and  let  i  be  the  least  i  >  I  +  2  such  that  M*  < 
(. B  —  1  )n.  If  i  >  t  +  2,  then  Mt_{  >  (B  —  1  )n  and  if  i  —  I  +  2,  then 
Mj_ i  =  Mt+1  >  0.  In  either  case  M,_i  >  0.  There  is  an  so  such  that  for 
s  >  sq,  Mj_i(s)  =  M*_ i  and  M*(s)  =  M%.  Thus  for  each  s  >  so  there 

is  a  y(s)  =  YZk=o  (jZ'jLo  Vjk^/B^  ek  with  Ujk(s)  defined  so  that 
Vjk(s)  =  xjk(s)  if 


n 

YsVi-ikW  =  Mi _i  -  1. 
k=0 

(this  is  possible  because  Mt_x  >  0)  and 

n 

^Vik(s)  =  Mi  +  B 

k= 0 
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(this  is  possible  becasue  Mt  <  (B  —  l)n  so  that  Mj+5  <  (5  —  l)(n+l)). 
But  then  for  s  >  s0, 

E(y(s))  =  £(*(»))  +  ^  -  =  E(x(s))  +  M 

But  then  linm^  E(y(s))  =  Ks( n)  +  1  /5*_1  which  is  impossible.  □ 

3.10.  Lemma.  For  infinitely  many  j  the  inequaltiy  Mj  <  (5  —  l)(n  +  l) 
holds. 


Proof.  Suppose  that  for  some  j0  that  j  >  j0  implies  Mj  —  (B  —  1  )(n  + 
1).  Then  there  exists  s0  such  that  for  j  <  j0  and  s  >  s0  we  have 
Mj(s )  =  Mj.  But  then  for  any  s  >  So  (recall  that  for  fixed  s  there 
holds  Mj(s )  =  0  for  j  sufficiently  large) 


>  =  E 

3=0 

30 


MAs) 


Bi 


JO-1 

E 

3=  0 


Mj(s) 


Bi 


+  E 


Mj W 

Bi 


3=3  0 


E  Mi 


3=0 


Bi 


E 


3=3  0 


Mj(s) 

Bi 


30 


< 


Mi 


Efi  +  E 


3=0 


(5  —  l)(n  +  1) 
Bi 


3=30 


Mj 

>  -A  =  i 

R? 


3=0 


which  is  a  contradiction. 

3.11.  Lemma.  If  j  >  £  +  2,  then  Mj  —  (B  —  1  )n. 


□ 


Proof.  By  Lemma  3.9  Mj  >  (5  —  1  )n  and  by  Lemma  3.10  Mj  <  (5  — 
1  )(n  +  1)  for  infinitely  many  j.  Thus 


E  Mi 


j=e+2 


Bi 


(B  ~  1  )n  + 


j=i+2 

(. B  —  1  )n 


BJ 


E 

j=£+m+ 2 


Mj 


( B  —  1  )n 


Bi 


Bl+ 2 


l/B 


E  — 


(B  —  l)n 


n 


Set  5  = 


5^+> 

Mj  — (5— l)n 


E 

3=1+ 2 


j=«+2 
Mj  -  (5  -  l)n 


Bi 


j=e+2 


Bi 

oo 


0  <  5  <  J] 


Bi 

Then 
5-1  5-1 


J=«+2 


Bi 


Be+ 2  V1-1/5 


5m- 
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where  the  first  inequaly  follows  form  Lemma  3.9  and  the  second  from 
Lemma  3.10.  Thus 

1  ^  M3  ^Mj  n  D  L 

~  Qj  qj  +  ge+i  +  —  %£+ 1  + 

3=0  3=0 

with  0  <  R  <  1  / Be+1  and  L  a  positive  integer.  But  then  0  <  R  = 
1  —  L/Be+1  =  ( Be+1  —  L)/Be+1  <  1/Be+1,  which  implies  that  R  —  0. 


That  is  0  =  R  =  J2?=e+2  Mj'~g~1)w.  Thus  M}  -  ( B 
j  >  £  +  2. 

3.12.  Lemma.  The  integer  £  satisfies  —  = 

Proof.  Using  the  results  from  the  last  several  lemmas: 


.  Thus  Mj  —  (B  —  1  )n  =  0  for 


3=0 

M(+ 1 


Mj  =  Me+1 
B3  Bi+1 


+  (B-  l)n  Y, 


j=e+2 


_  Me+1  n  _  Ml+1  +  n 

~  Be+1  +  BC+1  ~  B ‘+1  '  n 

3.13.  Lemma.  The  integer  £  satisfies  Be  <  n  <  Be+1  so  that  £  = 
[logB  n\ . 

Proof.  By  Lemma  3.12  Mp+ 1  +  n  —  Be+1  and  Mg+ 1  >  0  so  n  <  Bt+l . 
For  the  other  inequality,  use  M(+i  <  (n  +  1  )(B  —  1)  so  that 

B(+1  =  Me+ 1  +  n  <  (n  +  1)(B  —  1)  +  n  —  nB  +  B  —  1 

==►  (n  +  1  )B  >  Bt+1  +  1 

==►  (n  +  T)B  >  Be+1 

=>-  n  +  1  >  B( 

==►  n  >  Bl 


Using  the  results  of  these  lemmas  we  can  now  compute  the  value  of 
Ks(n). 


ns(n)  = 


iM3  =  (l  +  l)Me+i  ,  B  ,  V—  _j_ 
R  3  R^+l  +  ^  ^  R  3 


j=t+ 2 


Using  Lemma  1.19  (with  x  =  1/B  and  a  —  k  —  £  +  2) 


(s-i)  x:  i? 


(B-l)I 


i=£+2 


7  +  2  +  i 

jgi+2+i 
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=  (B-  1) 


(£  +  2)(1  /B)e+2  +  {!-{£  +  2))(1  /B)m 


(1  -  1/E)2 


{l  +  2)E  —  {l  +  1) 


(E-l)E^1 

Using  this  and  that  M(+1  =  Be+1  —  n  (Lemma  3.12)  in  (3.6)  gives 

,  ,  (t  +  l)Mt+1  ,  n[(£  +  2)B -(£+!)} 

Ks{n)  = - ^ - r 


Bi+l 


(B  -  1  )Be+1 


(£  +  1  )(Be+1  «n)  n[(£  +  2)E  -  (£  +  1)] 


E£+1 


(E  -  1)E^ 


=  /  +  1  +  +  nK*  +  2)5  -  +  !)] 


=  £  + 1  + 


E<+* 

n 


(E  -  1)E£+1 


(E  -  1  )Be 
=  L1oSb  n\  +  1  + 


n 


(E  -  l)ELlogsnJ 
This  completes  the  proof  of  Theorem  3.1. 
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